A VERSION OF THE RANDOM DIRECTED FOREST AND ITS CONVERGENCE TO
THE BROWNIAN WEB.

GLAUCO VALLE AND LEONEL ZUAZNABAR.

ABSTRACT. Several authors have studied convergence in distribution to the Brownian web under diffusive
scaling of Markovian random walks. In a paper by R. Roy, K. Saha and A. Sarkar, convergence to the
Brownian web is proved for a system of coalescing random paths - the Random Directed Forest- which are not
Markovian. Paths in the Random Directed Forest do not cross each other before coalescence. Here we study
a generalization of the non-Markovian Random Directed Forest where paths can cross each other and prove
convergence to the Brownian web. This provides an example of how the techniques to prove convergence to
the Brownian web for systems allowing crossings can be applied to non-Markovian systems.

1. INTRODUCTION.

Several authors have studied convergence in distribution to the Brownian web for different processes, for
instance [BMSV06],[CV14],[FFW14],[FINRO4],[FVV15],[RSS16] to mention some works. The aim at most of
these papers is the understanding of the universality class associated to the Brownian web. It was formaly
introduced in [FINRO4] where only nearest neighbor simple symmetric random walks have been considered.
This was a breakthrough because it was an important question in probability theory about how to characterize
properly the convergence of systems of coalescing random walks which started to be studied by Arratia in
[Arr81]. From [FINRO4] the question about the universality class for the Brownian web arises as important
one since many important systems of coalescing random paths related to applications of probability theory are
more complicated, for instance they may have long range dependence, they are not necessarily independent
before coalescence and they are not necessarily Markovian, see for instance the Poisson Tree in [FFW14], the
Drainage Network Model studied in [CFD09] and [CV14]; the Random Directed Forest studied in [RSS16]
or the Direct Spaning Forest in [BB07], where the authors made a conjecture about the convergence to a
transformation of the Brownian web in its Remark 4.9 that was proved for a similar system in [FVV15]. You
can find a review to the Brownian web, and how they arise in the scaling limits of various one-dimensional
models in [SSS15].

In [RSS16] the authors study the Random Directed Forest which is a system of coalescing space and time
random paths on Z? as we now describe. Suppose that the first coordinate of a point in Z? represents space
and the second one time. We start a space/time random path in each point of Z?. The path starting at u in
Z? evolves as follows: every point in Z? is open with some probability p or closed with 1 — p independently
of each other. We say that a point v = (,7) € Z? is above u = (z,t) if £ > t. If the path is at space/time
position (v, t) then it jumps to the nearest open point in the L; norm above (v, t) if this nearest open point is
unique. If it is not unique then the a choice is made uniformly to decide where the path has to jump to (see
the Figure 1). Note that two paths cannot cross each other and after one step it is possible to know something
about the future, that is to say, maybe we know if some points above the current position of the path are
open or closed. That is why we get a system of non-Markovian random paths. R. Roy, K. Saha and A.
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FIGURE 1. Open points in Z? are marked by black dots. Note that the closest open points
above u in the L; distance are those connected by the dashed line. Hence the path starting at
u moves to one of these points connected by the dashed line chosen uniformly among them;
for instance it could be v.

Sarkar in [RSS16] proved that under diffusive scaling, the closure of linearly interpolation trajectory induced
by each discrete random path, in some space where the Brownian web is defined, converges in distribution
to the Brownian web. Our initial aim was to to consider a generalization of the random directed forest that
allows crossings before coalescence analogous to the generalized drainage models studied in [CV14]. This
could be made if we do not impose the necessity that the jump should be made to the nearest open above
position. Although we get a well defined system, we were not able to prove convergence to the Brownian web
in this case. That problem here was to build a regeneration structure similar to that presented in [RSS16]
which is the way around the non-Markovianity.

We will define a model which is slightly different from the Random Directed Forest and consider a gen-
eralization of it that allows crossing before coalescence. Suppose now that in each point v in Z? we have
a random variable W, such that {Wy;u € Z?} is an i.i.d. family of random variables in the set of positive
integers. We will call the k-th level of some u = (u(1),u(2)) in Z? the following set

L(u, k) := {v=(v(1),v(2)) € Z*v(2) > w(2) and ||[v — ul|; = k},

where for any u € Z2, ||u||1 := [u(1)| + |u(2)|. A level L(u, k) is called open if it has at least one open point.
Now consider that the path not necessarily move to the nearest open point above him but the highest open
point in the W,,-th open level. If the path has two options to jump to it makes an uniform choice to decide.
See the Figure 2 for some example.

As the Directed Random Forest we now have a system of non-Markovian walks but in this case the paths
can cross each other. Our goal is to prove convergence in distribution to the Brownian web under diffusive
scaling for the closure of the system of linearly interpolated paths, see Theorem 2.3.

In the next section, Section 2, we are going to define formally the variation of the Random Directed Forest
and state the convergence to the Brownian web. By the end of the same Section 2 we shall explain how
the rest of the paper is divided in accordance with the steps that should be taken to prove the convergence
result.
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FI1GURE 2. Note that points connected by the dashed lines are the first and the second open
levels of u. If W,, = 2, for instance, the path starting in u jumps to v.

2. THE PROCESS AND THE BROWNIAN WEB.

Let us define formally the process described in the previous section. First let us fix some notation that
will be used in the paper. We will denote by Z, := {0,1,2,3,...},Z_ := {0,—1,-2,-3,...} and N :=
{1,2,3,...}. Consider the following random variables:

(i) Let (Wy)yuezz be a family of i.i.d. random variables with finite support on N such that P[W,, = 1] > 0.
Denote by Py the induced probability on NZ*,
(ii) Let {U,;v € Z?} be a family of i.i.d. Uniform random variables in (0,1). Denote by Py the induced
probability on (0, 1)22.
We suppose that the two families above are independent of each other and thus have a joint distribution
given by the product probability P := Py x Py on the space NZ° x (0, 1)22.

Now fix some p € (0,1). We write u = (u(1),u(2)) for u € Z* and call open the points in V := {u €

72;U, < p} and closed the points in Z? \ V. For u € Z? and k € N let us define its k-th level as

L(u, k) := {v € Z*v(2) > u(2) and ||v — ul|; = k}.
We will denote the index of the r-th open level of u by h(u,r), i.e.

k
h(u,r) := inf {k > 1; Z {L(u,j)NV#D} = 7’}.
j=1

For u € Z? denote by X (u) the unique (almost surely) point in L(u, h(u, W,)) NV such that for every
w € L(u, h(u, Wy)) NV either X (u) is above w or Ux(,) > Uy. Let us define the sequence {X,(u)}n>0 as,

Xo(u) :=w and X, (u) := X(X,—1(u)) for n > 1.
Now define 7% : [v(2), 00] — [—00, 0] as (X, (1) (2)) := X, (u)(1), linearly interpolated in [ X, (u)(2), Xp+1(u)(2)]
and % (00) = co. Let us denote the set of paths by
X = {(n",v(2));v € Z*}. (2.1)

The system X is the modified Random Directed Forest which is the main object of study in this paper.
From now on we call it the Generalized Random Directed Forest (GRDF).
We are interested in the diffusive rescaled GRDF. So let v > 0 and o > 0 be some fixed normalizing

U (2
constants to be determined latter, u € Z? and n € N. Let us define 7%(t) := % for t € [0,00), T (0) =
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oo and
X, = {(7},v(2));0 € Z*}. (2.2)

The system of coalescing paths X, is the rescaled GRDF and our aim is to prove that its closure converges
to the Brownian web as n — oo.

So now let us introduce the Brownian web. As in [FINRO4] take (R2, p) a completion of R? under the
metric p defined as

tanh(xz1)  tanh(zo
L+ [t] 1+ [taf

We may think R? as the image of [—00, 00] x [—00, 00] under the mapping

tanh(z)

(1) = (®(x,1), U (L)) ;:( o ,tanh(t)).

For ) € [—00, 00], let Clto] be the set of functions from [tg, o0] to [—oo, 00] such that ®(f(t),t) is continuous.
Then define

p((wl,tl), (l’g,tg)) = ‘ )’ vV }tanh(tl) — tanh(t2)|.

m= |J Clto] x {to}.

to€[—00,00]

For (f,tp) in II, let us denote f the function that extends f to all [—00, 0] by setting it equal to f(tp) for
t <p. Take

A1), (fost2)) = (sup [(FL(0),1) = @(Fa0), )]) v [¥(01) = (t2)].

Let now H denote the set of compact subset of (II, d) with the Hausdorff metric dy,

dy (K1, K3) := sup inf d(g1,92)V sup inf d(g1,92),
g1€K, g2€Ko g2€Ko g1€EK1
for K1, Ky non-empty sets in H. Fy is the Borel o-field induced by (H, dy).
The existence of a (H, Fy)- valued random variable, called as the Brownian web, with the convergence
properties that we had mentioned, was proved in the Theorem 2.1 in [FINRO4].

Theorem 2.1. There exists a (H, Fy)— valued random variable VW whose distribution is uniquely determined
by the following three properties:

(i) For any deterministic point (z,t) in R? there exists almost surely an unique path W+ starting from
(z,1).
(ii) For any deterministic n, (x1,t1), ..., (Tn,ts) the joint distribution of Wiz, 41y, -+ Wian.t,) 18 that of
coalescing Brownian motions.
(iii) For any deterministic, dense countable subset D of R?, almost surely, W is the closure in (H, Fz)
of Wy : (z,t) € D}.

The next Theorem 2.2 is a criteria of convergence to the Brownian web. This theorem is a variation of
the Theorem 2.2 proved in [FINRO04] which can be found as the Theorem 1.4 in [NRS05]. These theorems
(Theorem 2.2 in [FINRO4] and Theorem 1.4 in [NRS05]) has been the principal tools to prove the convergence
to the Brownian web for many different kind of coalescing system.

Theorem 2.2. Let {V,}n>1 be a sequence of (H, Fy)-valued r.v. We have that {¥n}n>1 converges to the
Brownian web if the following conditions are satisfied:
(I) There exist some deterministic countable dense subset of R?, let us called D, and 0}, € YV, for any
y € D satisfying: for any deterministic yi,...,ym € D,O03', ..., 00" converge in distribution as
n — oo to coalescing Brownian motions starting in yi,. .., Ym.
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(B) VB > 0,limsup, sup;- 3 Supy, ocr P[|ny, (fo,t,a — €,a +€)| > 1] — 0, as e — 0T, where
Ny, (to, t,a,b) = {y € R x {tg + t}; are touched by paths which also touch some point in [a,b] x {to}}.

(E) For some (H, Fy)-valued r.v. Y andt > 0 take Y' as the subset of paths in'Y which start before or

at time t. If Zy, s the subsequential limit of {y}? tn>1 for any to in R, then for all t,a,b in R with
t>0 and a < b we get

b—a
E[lnz, (to:t, 0. b)) < 1+~
(T) Let App:=[—L,L] x [-T,T] C R? and for (zo,t0) € R? and p,t > 0, R(wo, to; p,t) == [0 — p, x0 +

pl X [to, to+t] C R2. For K € H define Axc(xo,to; p,t) to be the event that K contains a path touching
both R(xo,to; p,t) and the right or the left boundary of the rectangle R(xo,to;20p,4t). Then for every
p.L,T € (0,0)

1
“limsup sup P|Ay, (wo,to;p,t)| — 0 ast — 0T,

n—00  (xo,to)EAL,T

The main result in this paper is the convergence of the GRFD to the Brownian web under diffusive scaling
stated below.

Theorem 2.3. There exist positive constants v and o such that X, the closure of X, in (I1,d), converges
i distribution to the Brownian web as n goes to infinity.

The rest of the paper is devoted to the proof of Theorem 2.3 and we end this section explaining how
it divided. In Section 3 we introduce regeneration times where the random paths in the GRDF have no
information about the future, this yields a Markovian structure we can rely on. In Section 4 we prove a
central estimate related to the tail probability of the coalescing time of two random paths of the GRDF. The
results from both Sections 3 and 4 will be essential for the rest of the paper. In sections 5, 6, 7 and 8 we
prove respectively conditions I, B, E and T. Finally we end the paper with and appendix where we show
that X, is a well defined random elements of (#,d3). In the appendix we also prove that every path in X,
from any time ¢t € R coincide with some path in X,, and this result allows us to prove conditions B, E and
T in Theorem 2.2 working with &), instead of X’,,.

3. RENEWAL TIMES

In this section we prove the existence of regeneration times where the random paths in the GRDF have no
information about the future. The idea of using regeneration times came from [RSS16] and is fundamental
since the paths seen at these times have the Markov property. However we are not able to get the existence
as they did it, because in our case the paths get into regions which has been observed before, something that
the Random Directed Forest do not do and is used in the proof given in [RSS16]. So we follow a different
approach here. The hypothesis impose to the r.v {W,;u € Z?} will be needed in the proof.

As in [RSS16] let us denote by Ag(u), for k € Z, and u € Z?, the set of points above Xj(u) whose
configuration is already known; i.e. Ag(u) =0 and for k > 1,

Ag(u) = [Ak—l(u) U{veZ%|jv— Xp—1(u)ll1 < [|Xp(u) — Xk—l(u)Hl}} N {v € Z%0(2) > Xi(u)(2)}.
(3.1)

See Figure 3 as an example.



6 GLAUCO VALLE AND LEONEL ZUAZNABAR.

U

FIGURE 3. Example for the dependence region Aj(u) = ). Note that in this example Ag(u) = ().

For any random variable 7(u) which satisfies Ar(,y(u) = 0 we call X (,)(u)(2) a renewal time for the
random path {X(u);k > 1}. Note that 7(u) is not necessarily the first k& such that Ag(u) = 0. The fact
that the paths do not jump necessarily to first open level above it do not allow us to use the approach in
[RSS16] to verify existence and moment conditions of renewal times. The main result of this section is the
following:

Proposition 3.1. Let uq,...,u,y be points in Z> at the same time level, i.e with equal second component.
Then there exist random variables T', Z and 7(u;) for i =1...,m such that T < Z and

(i) AT(UZ)(U’L) =0 and XT(UI)(ul)(Z) = X.,.(uz)(ul)(2) fOT’ all i = 1, e, M.
(ii) Taking T := X (u,)(u1)(2) we have that its distribution depends on m but not on uy, ..., Uy. For all
k > 1 we get E[T*] < oo. Note that 7% (T) = Xy, (us)(1).

(iii) For alli=1,...,m we have supg<;<p |7 (t) —ui(1)| < Z and its distribution depends on m but not
0N UL, ... U Also for all k > 1 we get E[ZF] < cc.
Proof. Without lost of generality we can assume that u1(2) = -+ = u(2) = 0. Let K be a constant such

that S P[W(o,0) = i] = 1. This constant exists because the finite support hypothesis. For u € Z* let us
define the following event

E(u) == {(u(1),u(2) +j) isopen ;j = 1,..., K} N {Wa)u@)+y) = Li=1,..., K —1}.
Note that on E(u) the path that start in u after some steps arrive in (u(1),u(2) + K) and then he knows
nothing about the point above. Now take {Ej ;1 < j < m} independent events such that P[E; ;] =
P[E((0,0))] for j = 1,...,m and independents of the process too. Let us define

Dy :={je{l,...,m};u;(1) = u;(1) for some 1 <i < j} and F; := [jE{l,...rjm}\Dz E(u;) N [jer})l Ei;].

Then on E; the paths that start in wuy, ..., u,, after some 7(uy),...,7(uy) steps, respectively, they will
arrive in the points (u1(1),u1(2) + K), ..., (un(1), um(2) + K) and A,y = 0 for j =1,...,m. We will find
a sequence of independent events { E,, },,>1 with the same probability of success of E; such that if E,, occurs
for some n, we have a joint renewal time for the paths that start in uq,...,u,,. To do this let us make some
definitions. Define the following upper bound to high of Aj(u),

H('LL) := inf {n > 1; Z {(u(1),u(2)4j) is open } = K} (32)
j=1
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§&1 =6

th (u1) (ul)

/th(uz)(u2)

Ui (Wu1 = 1) (%) (Wu2 = 2)

FIGURE 4. In the picture above we consider a realization of the random paths in the GRDF
starting at u; and wg. In this case & = 6 and one can see that the dependence region
generated by the first for both paths are below w;(2) + & . Moreover note that Xy (uy) (u1)
and th(UQ)(UQ) are the last points visited by the paths starting respectively at u; and wuo
before time u(2) + &;.

Take {ﬁ 151 <j < m} iid. random variable independent of the model and with the same distribution of
H((0,0)). Now define
& = H(u])} Vv [max ﬁl,j} .

[ max '
G€{1,..,m}\Dy jED;

Now we will move each path until the first time that they need to observe over £; to decide where to jump.
These times could be defined as

£1—Xn(u)(2)
ty (uj) := inf {n > 17Xn(u)(2) =§ or Z {L(u,i) is open } < WXn(u)}7
i=1

for all 1 < j < m. Note that to define ¢;(u;) we do not need to see the points above & . To help the
understanding of the notation see Figure 4.

Now take {En,ﬁ 1 <j<m,n > 2} afamily of independent event and independent of the model too, such
that P[E,, ;] = P[E((0,0))] for all 1 < j < m and n > 2. Also take {H, j;1 < j <m,n > 2} an i.i.d. family
of random variable independent of the model and with the same distribution of H((0,0)). Getting defined

FEy,...,Ey and &, ..., &, we can define Ey, 1 and &, as follows. First take
&1+ &= X (w)(2)
tn(uj) := inf {k > 1 Xk(u)(2) =&+ & or WXk(u) > Z {L(u,i) is open }}7
i=1

for all 1 < j < m. Define

Dny1:i={je{l,... st X, (uy) (w5) (1) = X, (uy) (1) (1) for some 1 < < it
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and

B((Xoyup (i) (1), &1+ -+ &) | 1 [ By |

En+l = |: N
1€{1,....m}\Dn+1 JE€Dn11

il = H((X; (i) (1), A IR H,:|.

G i= | mas (X () (10,60 &) V| oo o)

Note that {&,},>1 is an i.d.d. sequence and the distribution of &, does not depend on uy(1),...,um,(1). Also
the probability of success of the event E,, does not depend on uq(1),...,un(1) and it is equal to P[E;]. See
that if E, happens fore some n then we get the renewals for the paths. Now defining the geometric random
variable M := inf{n > 1; g, = 1} and 7(u;) = ta(u;) we get Ap,y(u;) =0 for all 1 < j < m. Defining
T:=S"M & we get that T = X (u;)(ug)(2) for all 1 < j < m and applying the Lemma A.1, E[T!Y] < oo for
all | € N. Note that the distribution of 7" does not depend on wu;(1),...,un(1). Now see that for j =1...,m
by the construction of {£;k > 1} and {tx(u;); k > 1} we have

M
sup |7 (t) —u; (D] <Y (G + -+ &) S MG+ Eu) < G+ &) =2
0<t<T P

Using the Lemma A.1 we get E[Z!] < oo for all I > 1 and by construction the distribution of Z does not

depends on uq, ..., Upn.
O

We can replicate recursively Proposition 3.1 to get:

Corollary 3.1. Let m > 1 and w1, ..., uy be points in Z? at the same level. Then there exist sequences of
random variables {Tj}j>1, {Z;}j>1 and {7;(u;)}j>1 fori=1,...m such that,

(1) Arju(ui) = 0 and X 4,)(u1)(2) = Xr ) (wi)(2) for alli = 1,...,m and j > 1. Moreover for
every i = 1,...m we have that 7;(u;) — 7j—1(u;), j > 1, are i.i.d random variables.

(i) Xr(u)(u1)(2) = Tj for j > 1 and its distribution depends on m bul not on ui,. .., uy. For all
k,j > 1 we get that E[T]k] < oo and for all j > 1,i =1...m we have that 7(T}) = X, (y;)(uwi)(1).
Moreover T; —Tj_q, j > 1, are i.i.d random variables .

(ili) supg,_, <<, [T (1) — 7(Tj-1)| < Z;j for alli = 1,....,m and j > 1. The random variables Z;,
j =1, are i.i.d and their common distribution depends on m but not on ui,...,Uy. For allk,j > 1
we get that E[ij] < 0.

Fix points w1, ..., Uy, in Z>. To simplify suppose that u; is at the same time level or above u; for every
i =2,...m. Then we can move each paths 7%2,... 7%m up to the first time they need to see above u1(2) to
move and after that use the same idea of Proposition 3.1 to obtain a similar renewal structure for paths in
X that do not start necessarily at the same time level:

Corollary 3.2. Let m > 1 and uy,. .., un, be points in Z? such that u; is at the same time level or above u;
for every i =2,...m. Then there exist sequences of random variables {Tj}j>1, {Z;}j>1 and {7j(u;)};>1 for
i =1,...m such that,

(1) Az (1) = Ap ) (ui) = 0 and X 0 (u1)(2) = Xoju,)(wi)(2) for all i = 1,...,m and j > 1.
Moreover we have that 7;(u1) — Tj—1(u1), j > 1, are i.i.d random variables, and for everyi=2,...m
we have Tj(u;) — Tj—1(w;), j > 2, are i.i.d random variables.

(i) Xy (ui)(2) = Tj for all i = 1,...m and j > 1. Also for all j > 1,i = 1...m we have that
T(Tj) = Xrj(u)(ui)(1). The distribution of T; depends on m but not on ui,...,um and for all
k,7 > 1 we get that IE[TJk] < 00. Moreover T; —Tj_1, j > 1, are i.i.d random variables.



A VERSION OF THE RANDOM DIRECTED FOREST AND ITS CONVERGENCE TO THE BROWNIAN WEB. 9

(ili) supp,_, <<, [T (t) — 7 (Tjoa)| < Zj for all j > 1, and for every i = 2,...m we have that
supy,_, <i<r; [71(t) — 7(Tj-1)| < Zj for all j > 2. The random variables Zj, j > 1, are i.i.d
and their common distribution depends on m but not on ui,...,Uy. For all k,j7 > 1 we get that
E[Z}] < oc.

4. COALESCING TIMES

In this section we obtain an upper bound on the tail probability of the coalescence time of two paths in
X. This is a central estimate related to convergence to the Brownian web. Related to other processes see
[CFDO09],[CV14] and [RSS16] for instance. The main ideas used here to get the bound come from these three
works, although it is not a straighforward application of the techniques used before. Here we have another
important difference with the Random Directed Forest studied in [RSS16] because of the possibility of the
paths to cross each other before coalescence. This property does not allow us to follow the proof in [CFD09]
as done in [RSS16]. We will need the ideas used in [CV14] where the authors work with a system allowing
crossing to obtain this upper bound. Here the hypothesis about the finite support of the r.v {W,;u € Z?}
will be used to prove item i) of Lemma 4.2 and Lemma 4.3 below. Although we believe that the bound on
the coalescing time tail holds without the finite support hypothesis.

So the aim of this section is to prove the following result.

Proposition 4.1. Let us define v := inf{t > 0; 7190 (s) = 7OV () for all s > t}. Then there exist a positive
constant C > 0 such that

Plv > t] <

</

As an immediate consequence of Proposition 4.1 we have:

Corollary 4.1. Let u = (0,0),v = (0,1) and v(u,v) := inf{t > 0;7"(s) = 7¥(s) for all s > t}. Then there
exist positive constant C such that

Cl

%.

Proof. Put e; := (0,1). Since {v(u,v) >t} C UL_;{v((i — 1)e1,ie1) >t} we have that

Plv(u,v) > t] <

l
Plv(u,v) >t SZ [ z—lel,zel)>t]§\c/é (4.1)

Define
Yo" = moand Y, i= Xo ) (Um) (1) — X7 () (u0) (1) for n > 1.

and put ¥ := inf{n > 1;Y! = 0}. The process Y™ represents the distance between the paths 7(%:9) and
7(0m) on the renewal times for the pair (7(%0) 7(0™))  Now the proof of Proposition 4.1 follows directly
from the next Lemma.

Lemma 4.1. There exists positive constants C1 and Co such that
1
Plv' > k] < — 4.2
P K< (4.2
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and

Cs
PT,y >k] < —= forallk > 1. 4.3
[T,y > k] \/Ef (4.3)

for every k > 1, where (1y,)n>1 are the renewall times defined in the statement of Corollary 3.1 for the points
(0,0) and (0,1).

To prove Lemma 4.1, we use a Skorohood’s Representation of Y following ideas presented in [CFD09]
and [CV14]. By the Skorohood’s Representation theorem ( see the Theorem 8.7.1 in [Durl3] ) there exist a
Brownian motion (B(s))s>0 starting in m and stopping times (.S;);>¢ such that

B(S;) LY;, fori>0
and (S;)i>0 has the following representation:

So:=0,5; := inf {s > 8; 13 B(s) — B(Si1) ¢ (Us(B(Si_1)), Vi(B(Si_l)))}

where {(U;(m),Vi(m));m € Z,i > 1} is a family of independent random vectors taking values in ((Z_ —

{0}) x N) U {(0,0)}.
Before we go to the proof Lemma 4.1, we still need the next two technical lemmas whose proofs will be
postponed to Appendix B.

Lemma 4.2. Let be ug := (0,0) and for m € N take u, := (m,0). Consider the sequences {1, (uo)}n>1 and
{7 (um) }n>1 as the renewals times introduced in Corollary 3.1 for the pair (up,um ). Let us take V" 0] @S

the first time that {Y,*}p>1 is non-positive; i.e Ve o) = inf{n > 1Y, <0}. Then

(i) For all m € N we have ]P’[V("ioo o < oo] = 1.
(ii) infmzllfv[yg(ﬁi y = 0] > 0.
(iii) Let us define the sequence (aj);>1 as
ap == inf{n > 1;Y,} <0} and for 1> 2,

and
S inf{n > a;_1;Y,} > 0}; ifl is even
L= inf{n > a;_1;Y,} <0}; ifl is odd

Then there exists a constant cs < 1 such that IP’[Yalj #0, forj=1,....k] <ck for all k> 1.

Lemma 4.3. Consider the sequence (a;);>1 as in the previous lemma and (Sy)n>1 obtained from the Skoro-
hood’s Representation of Y. Then there exist a standard Brownian motion (B(s))s>o and random variables

(R)i>1 and Ry independent of (B(s))s>o such that

(i) Ril{R; # 0} £ Ry for all i > 1.
(ii) Sa, ts stochastically dominated by J; which is defined as Jo =0,

Ji = inf{s > 0;B(s) — B(0) = —(Ry + Ro)},
and
Jy = inf{s > J_1;B(s) — B(Ji_1) = (=1)"(R; + Rj_1)},1 > 2.
(i) Given that B(0) = Ry, Yy, # 0 implies B(J;) # 0.



A VERSION OF THE RANDOM DIRECTED FOREST AND ITS CONVERGENCE TO THE BROWNIAN WEB. 11

Proof of Lemma 4.1. Let us suppose that (4.2) is true and use it to prove (4.3) with the same idea used in
[RSS16]. Recall from Corollary 3.1 that 77 has finite moments and define the constant L := 1/2E[T}] and
take k € N then

P[T,y > k] <P[T,y > k,v¥ < Lk] + P/~ >Lk:]§IP’[TLLkJ>k]+IP[uY>Lk].
<

By (4.2), it is enough to proof that P[T| . > k] 7 for some constant C3. Then

|Lk| ]
P[Tih) > K] = P| (T~ Tia] > K| =B YT - Tia] - |LKJEITY] > k — | LEJE[TY]

Var[ZLLk( - i_l)} _\LkVarln]
(k; - LLkJE[Tﬂ) (k - LLkJIE[Tl])2

=
ol

Il
-

Note that
NG | Lk |Var[T)]
(k - LLkJIE[Tﬂ)

2—>0ask%0.

Then there exist M such that
| Lk |Var[T)] < 1

(k- LLk:JE[Tl])Q Tk

for all £ > M. Then we can find a sufficiently large constant C3 > 0 such that
| Lk|Var[T)] < Cs

(k - LLkJE[Tﬂf -

=

for all kK > 1.

Now we prove (4.3). Here we simply write Y = Y. Recall the definition of (B(s))s>0 and (S;);>0 above
for the case m = 1. For § > 0 to be fixed later and every k € N we have that,

PlY > k| = P[S), < 0k, ¥ > k] + P[S; > ok, ¥ > k] (4.4)

Let us get an upper bound to P[S), < dk,¥ > k]. From the Skorohod representation

k
Sk:ZS Szl ZQ@ zl
i=1

where {Qz(m),z >1,me Z} are independent random variables and @;(m) is independent of (Y1,...,Y;_1)
for all i € N,m € Z. Note that on {v¥ > k} we have that Y; # 0 for i € {1,... k}.

Let us start considering the first term in (4.4). Fix A > 0, then
P[Sy, < 0k, Y > k] = Ple Mk > e Mk LY S k] < e)‘akE[ef)‘Sk Y >k}

Claim 4.1.

k
Ele™5 (von) < ( sup B[,
meZ\{0}

where, for each m, Q(m) is a random variable with the same distribution of Q1(m).
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Proof of Claim 4.1. The proof is essentially the same given in the Theorem 4 in [CFD09]. We include it here
for the sake of completeness, taking Fy := o(Y1,...,Ys) we have that

Ele™ A% {VY>k}]:E[E[€*ASk ¥ >y Fh-1]
SE[e—ASk_1E[e—>\Qk(Yk—1) (VY >k—1} {Yk_17£0}|fk:—1]}
:E[efxskfl (o sy Ele @) {Yk,ﬁéo}\}"k—l]}

and

Ele M)y oyl Fiaal = D) Ele M | P
mez\{0}

= Y ia=m B F]
meZ\{0}

= Z {Yk,lzm}E[ei/\Q(m)]
meZ\{0}

< sup E[e QM)
mez\{0}

So, applying the above argument recursively we obtain

k
Ele ™% (o] BTt vy ] sup Ee0)) < ( sup B[]
meZ\{0} meZ\{0}

Using Claim 4.1 we get that

k
P[Sk < Sk, ¥ > k) < (em sup E[e*)\Q(m)]> .
mezZ\{0}

Let Q_1,1 be the exit time of interval (—1,1) by a Standard Brownian motion. Using Claim 4.2 we have
that

E[e00m] = [0 (U (m), V(m)) # (0,0))]BI(U (m), V(m)) # (0,0)
+P[(U(m),V(m)) = (0,0)]
<E[e9) (1= B[U(m).V(m)) = (0,0)]) +B[(U(m), V(m)) = (0,0)]
— P[U(m), V(m)) = (0,0)] (1 - e2) + ez, (4.5)
where co = E[e*)‘Qflvl] < 1. Here we need the following;:
Claim 4.2. 0 < ¢1 := SUP,,ez) {0} P[(U(m),V(m)) = (0,0)] < 1.
Using Claim 4.2 and (4.5), we obtain that
E[e*AQ(m)] <ci(l—c2)+ca.
Now chose § such that ¢z := ®* [01(1 —c2) + 02] < 1. Then
P[Sy < 0k, ¥ > k] < ck < % (4.6)
for some suitable ¢4 > 0. This gives the bound we need on the first term of (4.4). Let just prove the previous
claim before dealing with the second term in (4.4).
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Proof of Claim 4.2. The proof uses the hypothesis that P(IW = 1) > 0. However by a straightforward
adaptation, one can see that this is not required for the Claim to remain valid.
We follow the idea used in [RSS16]. For all m € Z \ {0} we have

P[(U(m),V(m)) = (0,0)] > (pP[W = 1])?,

see Figure 5.

FIGURE 5. If W, = W, = 1 and u + e3 and v + e? are open, which occurs with probability
(pP[W = 1])2, then (U(m),V(m)) = (0,0).

S0 €1 1= SUP,s {]P’[(U(m), V(m)) = (0, 0)]} > (pP[W = 1])? > 0.
For the upper bound in the statement we have that

B[(U(m), V(m)) # (0,0)] = (1 = )p*(1 = p)*BW = 1))",

-

see Figure 6.

—O—

FI1GURE 6. If W, = W, = Wiyte,4e, = 1 and u + 2e2, v + €1 + e2 and v + e; + 2e2 are open
and u + e, v + ez and v + 2ey are closed, then with p3(1 — p)4(P[W = 1])3 if |m| = 1 and
(1—B)p*(1 — p)*(P[W = 1])® in case |m| # 1 we have the trajectory as represented in the

picture where (U(m),V(m)) = (0,0).

Hence infmez oy PL(U(m), V(m)) # (0,0)] > (1 — £)p(1 — p)3(B[W = 1])%. So,
a<1-(1-Dp'a—pEWw =1)7*<1.
]

Now we consider the second term in (4.4). To deal with it we consider an approach similar to [CV14].
Take the sequence (a;);>0 as in the statement of Lemma 4.2. Note that

k
PlvY >k, S > 0k <Y P >k, Sk > 6k, So,_, < 0k, Sa, > 6K]. (4.7)
=1
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For now fix [ = 1,...k, using Lemma 4.3 we get,
(V¥ >k, Sy > 6k, Sa,_, < 0k, Sq, >k} C{Y,, #0, for j=1,...,1—1,8,, > ké},
hence
Pv” >k, Sy > 0k, Sa,_, < 6k, Sa, > k6] <P[Y,, #0, for j =1,...,01— 1,8, > kf]
P[Y,, #0, for j=1,...1—1,J; > kd]
P[J; > ké|Ya; #0, for j =1,...1 = 1]P[Y,, #0, for j =1,...1—1]

<
<

By the item ii) in the Lemma 4.2 we get
PvY > k, Sk > 6k, Sq,_, < 0k, S, > k6] < ¢k 'P[J; > kd|Y,, #0, for j=1,...1—1].
Now take (Ej)jzl ii.d. random variables independent of (B(s))s>0 such that Ry =% Ry and define Jy = 0,
Jy = inf{s > i B(s) = B(Jj1) = (1) (R + Ria)}j > 1.
We have that
PlJ; > kd|Y,, #0, for j =1,...1— 1] = P[J; > kd].
Taking D; := jz — ji_l for i > 1 and observing that (D;);>1 is an i.d. sequence we have that

PvY > k, Sy, > 0k, Sa,_, < 0k, Sa, > kd] < EPLJ; > k6] < L HP[D; > kf]

Claim 4.3. There exists constant c; > 0 such that for every x > 0 we have that

(644
PD; > 2] < —.
[ 1—‘7:]—\/5

Proof of Claim 4.3. As in [CV14] take p := E[Ro] and Jy, := inf{t > 0; B(t) = m}. Then,

P[D; > ] ZZPD1>x|RO_k Ry = j|P[Ry = k, Ry = j]
k=1 j=1

= S "BIDy > sy = k. By = JP{Ry = KELF = )

=3 "P[Jis; > 2]P[Ro = KPRy = j]

For some suitable constant c7. O

Using Claim 4.3 we have some constant cg such that

P > k, Sy > 6k, Sa,_, < 0k, Sa > k6] <
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then
1,3 00
cgcyl? cs 1.3 C9
PY >k, S >5kg§j §—§cl2:—. 4.8
[ k ] — \/% \/El:1 5 \/E ( )
Then we get that
c4+cg
Py > k] < .
| J= Vk
O]

5. THE CONDITION [I.

In this section we will prove the condition I of the Theorem 2.2. First we need to obtain the constants
and o such that 7/ as defined in (2.2) converges in distribution to a Brownian motion. If we have Corollary
3.1 which gave us the existence of the renewals times and a uniform bound on a moment of order higher
than two for the displacement of paths on these renewal times, then the proof of the convergence of 7} is
analogous to the one made in [RSS16]. Finally to get the condition I we will follow the ideas used in [CV14],
the difference here is the need to work with the renewals times to make the coupling.

Proposition 5.1. There exist positive constants v and o such that for any u € Z* the rescaled path 7%, as
defined in (2), converges in distribution to a Brownian motion starting in u as n goes to infinity.

Proof. Without lost of generality we can assume that v = (0,0). To make easier the notation we will
omit u from the notation, i.e. we will write X,, instead of X,,(u), 7(¢) instead of 7#*(¢) and so on. Taking
To == 0,79 := 0 and (T,)n>1, (Tn)n>1 as defined in Corollary 3.1 for one point. Let 7 be the linear
interpolation of the values of (7(¢))¢>0 on the renewals times,

t—1T,
Tn+1 - Tn
Let us define the following random variables

Y .= n(1T;) — n(Tij—1) for i > 1.

7(t) = n(Ty) + [W(Tnﬂ) - W(Tn)], for Tpy <t < Tpp1.

n
So:=0,5 ::ZYZ- for n > 1.
i=1

Let 02 = Var(Y}), then by Donsker’s invariance principle we have that (7, (t))+>0, defined as

~ ~ 1

Tn(0) :=0, T, (¢) := oy [(n2t — |_n2tJ)YLn2tj+1 + S|p2 | fort >0,
converges in distribution as n — oo to a Standard Brownian motion (B(t)):>0.
Put

Y

A(t) =j+ ———for T; <t <Tj41, and N(t) :=sup{n > 1;T,, <t} for t > 0.
Tj41 —T;

Note that N(t) < A(t) < N(t) + 1 for all t > 0. Since T, = 37 (Tj — Tj—1), by Corollary 3.1, (N(t))s>o is
a renewal process. By the Renewal Theorem @ — ﬁ as t — oo almost surely, hence for v = E[T}] we

A1) . . ~
have that — >~ — ¢ almost surely. For n > 1 let us rescale 7 as

~ 2
Fol(t) = w for ¢ > 0.
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Note that

A(n?~t)

Folt) = %n( ~

We have that (7,(t)):>0 converges in distribution to a (B(t))i>0, we leave the details to the reader. To
prove the convergence of (m,(t))t>0 to (B(t)):>0 it is enough to show that for any € > 0 and s > 0,
P[supg<i<s |Tn(t) — Tn(t)] > €] — 0 as n — oo. Note that

)fortZO.
n

P[ sup |m(t) — Fn(t)] > e] :]P’[ sup  |m(t) — 7(t)] > m]

0<t<s 0<t<sn2vy
Moreover
N(sn?7)
{ sup |m(t) —7(t)] > ena} - { sup |m(t) —7(t)] > ena}
0<t<sn2?~y =0 T;<t<Tj4+1
and N(sn?y) < |sn?y] so,
[sn?v]
{ sup |7(t) —7(t)] > 6na} C U { sup |7(t) —7(t)] > ena}.
0<t<sn2~y j=0 T;<t<Tj4+1

Since 7 and 7 coincide at the renewal times and their increments are stationary then

1@[ sup |mn(t) — Fu(t)] > e} < (|sn?y] +1)]P>[

sup {|n(t) — 7(1)|} > ena]
0<t<s <t<Ty

0

Note that 7(71) = 7(11) and supg<;<7, [7(t) — 7(T1)| < Z, supg<i<r, |7(t) — 7(T1)| < Z, where Z is defined
in Proposition 3.1. Then

23 2 DE[Z3
(Lsn7J+ ) [ ]—>Oasn—>oo.

]P’[ sup |m(t) — T (t)] > e} < (|sn?y| + 1)P[2Z > eno] <

0<t<s 3313

O
Proposition 5.2. Let X, be defined as in (2.2) where the constants v and o are taken as in Proposition
5.1. Then for any y1,...,ym € R? there exist paths 03, ... 05" in X, such that (03,...,00™) converges in
distribution as n — o0 to coalescing Brownian motions starting in yi, ..., Ym.

To prove Proposition 5.2 we will use a coupling argument. To build the coupling, we will need Proposition
5.3 below, which is a version of Proposition 3.1 that will be presented without proof because its proof follows
the same lines as those of Proposition 3.1.

Proposition 5.3. Let {Uy;v € 2%}, {UZ;v € Z*}, {Wy;v € Z*} and {W2;v € Z?} be ii.d. families
independent of each other such that the U}, j = 1,2, are Uniform random wvariables in [0,1] and of Wi,
j=1,2, are identically distributed positives random variables on N with finite support. Consider the GRDF
systems

Xl = {7 v € Z?} and X% := {x®";v € Z?}

built respectively using the random variables {{Uy;v € Z*},{W}v € Z*}} and {{U};v € Z?},{W2;v €
Z2}}. Then for points ul,.. "“71711 and u3,.. .,ufm in Z? at the same time level, i.e. with equal second

component, there exist random variables T, Z and 7(ul) for j = 1,2, 1 <i < mj, such that T < Z and
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(i) A]( )(uz) =0 and Xl( )( ui)(2) = Xi(uj)(ug)@) forj=1,2andi=1,...,m;. Where for j =1,2

and v € Z? the sequence {Xk( 0)}iso is as defined in (2) using the r.v. {Ul;v € 22}, {Wi;v € 22}
and {A}(v) }r>0 as defined in (3.1) for the sequence {X3,(v)}r>0-
(11) Taking T := Xl( )( u1)(2) we have that its distribution depends on my +mg but not on uf, ..., uh,,

= 1,2. For all k > 1 we get E[T*] < co. Note that 7rj’”( ) = X]( )( )( ) for j = 1,2,

1<i<m,.

(iii) Forallj=1,2and 1 <i<mji=1,...,m we have that SUPg< < [T z(t) — u ( )| < Z and its
distribution depends on mi + mgo but not on ul,.. umj for j = 1,2. Also for all k > 1 we get
E[Z*] < co.

Proof of the Proposition 5.2. Here we use a non-straightforward adaptation of the idea applied in [CV14] to
proof the condition I for the Drainage Network model. We will prove that for any m € N,

(7_‘_7(10,0)’ 7[_ﬁbncr,(])’ o ’ngna,o))
converges in distribution to a vector of coalescing Brownian motions starting in (0,0),. .., (m,0) denoted here
by (B 00) . 7B(m’o)). The general case, where the paths do not start necessarily at the same time, could

be proved using the same technique, so we will omit it. To simplify the notation we will write 7% := (k0
k € Z, and B* := B®0) for z € R. Here for the rescaled paths we use the notation:

T (tn?y)

m,, =
" no

It is enough to fix an arbitrary M > 0, suppose that (B°,..., B™) and (70,7}, ..., ™) are restricted to
time interval [0, M] and prove the convergence, i.e.,

. d
i (mp(8), my (1), - ()o<esr = (B(1), - B™(8)) gy (5.1)
By Proposition 5.1 we have that
: 0 4 (0
nh_{go(ﬂ- (t))OStSM = (B (t))ogth‘

Now we are going to make an induction in m. Let us suppose that
lim (75(6), mh (8), - 70"V (O)osecar £ (B .., B (1))
n—oo

Now the proof of (5.1) from the induction hypothesis will be based on coupling techniques. We will build
1 (m—1)

0<t<M’

a path @™ which is independent of (79,7} ... 7w, ) until coalescence with one of them, has the same
distribution of 7™ and such that, in a proper way, m, and 7, are close to each other.
We start constructing paths 7°, ... , 7M=Ll and 7o) that coincide with (7°,. .., 7(m—Dlno) zminsl)

until one of these paths moves a distance ni from its last position on the renewal times, we suggest the
reader to see Figure 7 although some definitions are still missing. The construction follows by induction:
Step 1: Let {U,;v € Z2?} and {U,;v € Z2} be iid. families of Uniform r.v. in [0,1]; {Wy:v € Z2} and
{WU; v € Z*} be i.i.d families of r.v. with the same distribution of W0,0); independent of each other and of
{Uy;v € Z2} and {W,;v € Z2}. Using them let us define the r.v. {Ul;v € Z2}, {Ul;v € Z2}, {W};v € 72}
and {/V[Z}, v € Z*} as follows:

1 Uy; if |v(1) — mno| < nt and 0 < v(2) <n 1
U, =4 ~ .
U,; otherwise,
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—

=1 Wy; if [v(1) — mno| < n1and 0 < v(2) < nit;
' W.,; otherwise,

el Wy; ifv(1) < (m—l)no’—l—n% and 0 < v(2) §n%;
' Wy; otherwise,

and

gl ) Uu ifo(1) < (m —1)no + nt and 0 < v(2) < ni;
v U,; otherwise.

Use the families {UL; v € Z2}, {W};v € Z2} to construct a path 7"} of the GRDF (not rescaled) starting

in m|nc| at time zero. Also use {Uljv € Z2}, {Wliv € Z2?} to construct paths {7?,...,7(mDlnol} of
the GRDF (not rescaled) starting respectively in 0, [no|,...,(m — 1)|no| at time zero. Let T1 and Z; be
the random variables associated to {7°,... ,Fm=1)[na] %mL””J} by Proposition 5.3. Note that on the event

{Z, < n%} the vector paths (70, ..., 7(m=Dlral zmlnely coincide with (9, ..., 7)) up to time 71 < Z;.
This ends Step 1.

Step 2: See that nothing above T} is known, so we can use other random variables to define the paths after
this time. So from time 77, we define new independent iid families {U2;v € Z2}, {(73, v € 72}, {WUQ, v e 7Z?}
and {/V[Z?, v € Z*} as follows:

~

g2 . § Ui if o(1) = #Emlned(7y)| < nt and Ty < v(2) < Ty +nt;
v U,; otherwise,

—

2. ] W if (1) = #hmleed(1y)| < ntand Ty < v(2) < Ty +nt;
v Wy; otherwise,

W2 .=

v

—~ Wy; if (1) < maxo<j<m-—1 FLjlno] (Ty) + ni and T <v(2)<T+ n%;
Wy; otherwise,

and

N[N

72— Up; if v(1) < maxo<j<m—1 72701 (Ty) + ntand Ty < v(2) <Ti 4+ nt;
v U,; otherwise.

Now consider 72™"?] as the GRDF path starting in 7#™1"?)(T7) at time T} using the environment {[737 vE
72}, {(W2 v € 7%}, and 729, a2lnol - Fm=DIno] gtarting respectively in 7(Ty), Flnol (Th),. .. , F(m=1)[no] (T1)
and using the environment {U2,v € Z?} {W2;v € Z?}. Again we have random variables T5 and Z for these

paths as in Proposition 5.3 and on the event {max(Z;, Zs) < n%} the vector (70, ... ,F(m=1)[na| zm[no|
coincide with (79, ... ,ﬂmL""J) up to time Ty < Z; + Z,. Redefine, if necessary, (79, Flnal ,'ﬁ(m_l)tn‘”) as
(720, Falnal ,%(mfl)L""J) on time interval T} < t < T,. This ends Step 2.

We continue step by step replicating recursively Step k from Step k-1. We get (Tx)k>1, (Zk)k>1 and
(7RO Fhilnal  Fh(m=1)lna] Zkmne]l for | > 1 such that on the event {max(Zy, ..., Z) < n%} the vector
(7, ..., wm=Dlnol Zmlnoly coincide with (79, ..., 7#™L")) up to time Tj, < Z?Zl Z;.

Now let us define a version 7177} of 7m177] sych that it is independent of (70, ..., F(m—1) L”‘TJ) and coincide

with 771"¢] until this last path gets to distance 2n%/* of (7°, ..., 7(m~DIe])  Consider the following stopping
time

N > 1- ~m|no| _ ~jlno] < §}.
v := inf {k > 1,0S511§an>1<_1 |7 (Tg) — (T)| < 2na
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" o — =
Ty -f;% é'
T (%T\% §|

T,

=
=, = | [ =]

npo) 2|npo ) 3lnpo]

FIGURE 7. Here m=4 and we consider the GRDF paths 79, 7l7?) 7279l 1In the picture
m317) remains at distance ni of its position on the previous renewal time. Moreover none of
70, glnol  p2lno] go beyond ni to the right of their rightmost position at the previous renewal
time. In such scenario, v = 4 and before time T, we have that (WO,WL””J,WQL”UJ,W?)L"”J)
coincide with (70, wlnol F2lnol zlnal),

Define 7"l (t) = 7mlol(t) for 0 < t < T, see Figure 7. From time T, we have that 7"l (t) evolves
only through the environment ({Uy,;v € Z2}, {W,;v € Z?}) as the path starting in 7"7)(T},) at time T,
before coalescence with some 79, ..., 7(m=Dlnol Tet

A 7ilnol (42
(1) == T (tn%y) forj=0,...,m—1
no
and
~m|no| (t) —=m|no| (t)
~m, . —m o T
T (t) T no s (t) : no

the rescaled versions of the constructed paths.

Remark 5.1. We point out that as a direct consequence of the definitions the following properties are
satisfied:

(i) Before coalescence, the path
(ii) For s < M, on the event

~(m—1) .

7T is independent of 7O, ..., T

Ap.s :={T, > nzfys},
we have that T (t) = 7T (t) for every 0 <t < s.
(iii) From the induction hypothesis, item (i) and Proposition 5.1 we get

Tim (75, FY,E) £ (B, BT,
(iv) On the event
By = ﬂ,&ff’”Jrl{Zk < n%}
the vector of paths (7°,..., 7= 2m) coincide with (7°,...,7™) up to a time greater than Mn?~.

(v) Also on By, if [7o)(t) — 7ilnol (1)) < 2t for some 0 < j <m—1 andt > 0 then either there
exists some k such that T, < t, \%mL”UJ (Tx) — 7 lno] (Ty)| < omi and v < k or 7ol gpd 7ilnol
cannot coalesce or cross each other before min{Ty, : T}, > t}.

Claim 5.1. For the event By, v as in Remark 5.1 we have that lim,, IP’[BCVM] =0.

n
Proof. Note that
(Mny +1)E[Z]]
n3

P[B ] < (Mny + 1)P[Z; > ni] <

which goes to zero as n goes to infinity. O
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Now let H : C**1[0, M] — R be an uniformly continuous function. We need to prove that
lim E[H (my,....m")] =E[H(B",...,B™)].
By Remark 5.1 and Claim 5.1 we have that
E[‘H(ﬂg, T — H(T, .. ,%ﬁmfl),%\?)ﬂ < 2||H||P[B;, 3] — 0 as n goes to infinity.
And also by Remark 5.1 and the induction hypothesis we have that
E{H(%g,...,%gm—ﬂ,ﬁg@)} ﬁE[H(BO,...,Bm)}.

By triangular inequality

E[H(x),..., 7)) - E[H(B,...,B")]|

<E[[H(x),....m) = HE, ... 7m0, 7]

rTn n? n n

+E|[HE, . 7D w) - HE, 7Y m)|
+ |B[H G, 7w - (B B
then it is enough to prove that
lim E|[H(7S,..., 7070 — H(FS, . 7m0 7] =0

Note that

E|[H(F, ... 70,70 - HF, ..., 70,70

=E[[H, ... 7"V, 7)) - B, 700,70 ]

SE[‘H(Wg,--wWém_l)ﬂTZl) _H(’]Tg,""?ﬂ’gm_l)’ﬁn)| Al v "M:| +2||HH°° [ HM]
Again, by Claim 5.1 we just have to prove that

Tim E\[H (x5, w0 m) = H(xb, w70 ae L, s =0

Before we are able to obtain the above convergence, we need to define some stopping times. For j =
{0,...,m — 1} consider

v; o= inf{k > 1: |7/lo)(T}) — ol (T})| < 207}

where the definition is based on (v) in Remark 5.1 from where we see that on B, s we only need to consider
approximation between paths on the renewal times. Then

EUH 7r2, ... ,wﬁlm‘”,w;”) — H(ﬂ'g, ... ,W,(lm_l),f?)‘ A Bn,]w:|
m—1

< E[‘H(W?L,...,m&mfl),ﬂx’) —H(WS,...,Wﬁmel ’ Ay B {l,:l,j}].
=0

Given € > 0, since H is uniformly continuous, there exists d. > 0 such that: if ||f — gl < 0 for f,g €
C*k=110, M], then |H(f) — H(g)| < €. So, if

sup [my'(£) — 7' (£)] < e
0<t<M
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we get
n? n

)H(ng...,wgmfl),ﬂgb) —H(ﬂ'0 ...,W(mfl),ﬁ?)‘ <e.

To simplify the notation let us denote Dy, ; := A7 ,, N By v N {v =v;}. For j =0,...,m —1 we have that

EUH(W%,...,W(m*l),Wm) — H(m, .--,W(mfl),fnm)‘ Dw}

n n n’ n
< €+ 2||H||ocP| Do N{ sup |m(t) =7 (8)] > 5c}]
0<t<M
—et zyyHHooP[Dw N{ sup [|amlnel(y) —7mlnal @) > naée}]
0<t<Mn2y
For j =0,...,m — 1 let us define
7= inf{t > 0: 7"l (s) = 7ol (s), Vs > 1}

and . '
7= inf{t > 0 : 7"l (s) = 7l (5), Vs >t}
Fix some 3 € (%, 2). Then for j =0,...,m — 1 and n large enough

P[Dn,m{ sup |7rmL"0J(t)—ﬁmWJ(t)y>n05€}}
0<t<Mn2y

is bounded above by

P[Dogn{ sup e n)) = 7N (1)] > nod} 0 {7, 7 € [T, T, + nfa]}]
0<t<Mn2y

+ IP’[DW- N{ri>T,+ n%]}] +P [Dn,j N{F >T, + nﬁﬂ}} . (5.2)
The first probability in (5.2) is equal to

P|Dnj N { sup [T (t) = W (b)) > nodc} 0 {79, 7 € [T, T, +na]}]
Ty St<Mn2yN(Ty; +nPy)
which is bounded above by

node

P|Duj N { sup [T (t) = m (T > "2 0, 7 € [, Ty, 4+ 0}
To; St<Mn2yA(Ty; +ny)
() 7 N0y  0ri i 8
-HP)[DnJﬂ{ sup T (t) =70 (Ty,)| > —— {7, 7 € [T,,,T,, + n 'y]}}
Ty, gthnQ'y/\(Tuj +nhy) 2

0, )

< IP’[ Sup ‘ﬂanJJ (t) _ 7TanUJ (0)‘ > &] + ]p[ sup ’ﬁanaJ (t) _ menJJ (0)’ > &} ’
0<t<nf~ 2 0<t<nb~ 2

where for the inequality we have used the Markov property on the renewal times. Both terms in the right
hand side of the previous inequality are bounded above by

0 0 1-8
t) — 0 Oc
P| sup () ;T()|>n - ],
£ 2
0<t<nfy on2

which, by the choice of 8 < 2 and the invariance principle proved in Proposition 5.1, converges to zero as
n — 0o. Thus the first probability in (5.2) converges to zero as n — co.
Now it remains to deal with the second and third terms in (5.2). Since

’ﬂ_jLnUJ (ij) _ WanUJ (ij)’ < Qn%
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on D, ;, then by Corollary 4.1 there is some constant C' such that

3
, 2Cn4
P[Dnyj n{r? >1T,, + nﬁv}] <—
nz
which converges to zero as n — oo by the choice of 8 > 3/2. Even though 77"?} and 71"} are independent
from time 7, until coalescence, we can prove the result stated in Corollary 4.1 for these paths, following the

same lines of the proof of that corollary. Thus we get a constant C' such that

— 3
; 2Cn1
]P’[Dn,j N{# >1,, + nﬁfy}] < Z ,
nz
which as before converges to zero as n — oo.
Hence
lim P[Ag uNBayrN{r=v}0{ sup |77() — 71| > noée}] —0
n—00 ’ ' 0<t<Mn2~
which finishes the proof. O

6. THE CONDITION B

We prove condition B of Theorem 2.2 at the end of this section. Before we prove it we need to introduce
some definitions and stablish some preliminary results.

Take K € N such that P[W o) < K] = 1, recall that we are supposing that the distribution of W ) has
finite support. For u € Z? define

Cr(u) :={u(l),...,u(l)+ K —1} x {u(2) — K+ 1,...,u(2)}.
We say that the box Ck(u) is good if for all v € Ck(u), W, =1 and v is open.

Remark 6.1. We point out that when Ck(u) is good then there are no paths crossing it and touching either
(=00, u(D)] x {u(2)} or [u(1) + K, 00) x {u(2)}.

Now let us define the following random variables
g5-(u) :=1inf{n > 1;Cx (u+ (n — 1)Key) is good},
and
9r (u) :=1inf{n > 1;Cg(u — (nK — 1)e;) is good}.

Therefore C (u + Kgj:(u)er) is the first translation of Cx(u) to the right of v by multiples of K that is
good and Cg (u — Kg;((el)) is the first translation of Cx(u) to the left of u by multiples of K that is good.

The first Lemma below allow us to consider the counting variables nyx, (to, ¢, a,b) only on integer starting
times tg.

Lemma 6.1. Take a <b € R, X, as defined in (2.2) with v and o as in Proposition 5.1 and nx, (to,t,a,b)
as in the Theorem 2.2. Then for all € > 0 there exits a constant M., not depending on a, b, v and o, such
that

]P’Un;(n(to,t, a,b)| > 1] < }P’Unx(o,n2’yt,naa — M¢,nob+ M)| > 1] + €
forallty e R,t >0 andn > 1.
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Proof. Note that any path that cross [noa,nob] x {n?yty} also cross the interval
[naa — Kgx (([noa), [n*vto] + 1)), nob + Kgk(([nob] + 1, [n’yto) + 1))} x {|n*vto] + 1}.

Then

P[|nx, (to, t, a,b)| > 1]

= P[|nx(n2fyt0,n2'yt,naa,n’yb)] > 1]

< P[‘nx(tn27toj), n’yt,noa — Kg~ (([noal, [n*yto) + 1)), nob+ Kg* (([nob) + 1, [n*yto) + )| > 1} :
Take M, large enough such that

]P’[Kg* ((lnoal, [n*yto] + 1)) > M| = P[Kg*(({nabj +1, [n?yto] + 1)) > Me} <

N

Then by the translation invariant we get
Pllnx, (to, t,a,b)| > 1] < P[Inx(|n’yto],n*vt, noa — Me,nob + Mo)| > 1] + ¢
= P[|nx(0, n*yt,noa — Mg, nob + M)| > 1] +e
O

Our next result says that the number of paths in X starting before time ¢ that cross a finite length interval
at time ¢ have finite absolute moment of any order.

Lemma 6.2. Let us define X' as the set of paths in X that start before or at time t and by X' (t) its
values on time t. Then we have that

EUXF(t) N [a,b]‘k} < oo
fora<beR and k > 1.

Proof. We will assume that ¢t = ¢ = 0 and b = 1. The general case is analogous. For j € Z let us define
Gi=1inf{n >0;3"" {(j—) is open } = K} and the random region D as

D = {v e 72 —Kgr((0,0)) <v(l) <1+ Kg;g((0,0)) and — (1) < v(2) < O}.

In next figure we show a possible face of D.

=5
o g
=7 B ;ﬁ
FiGURE 8. In this picture we assume that K = 4. The blacks balls represent open points

and the white ones represent closed points. The region D is given by the set of sites inside
the contour in bold. Note that g; = 3 and g; = 2.
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Note that there is no paths crossing [0, 1] x {0} without landing in D, hence

- Kg*((1,0) Kg~((0,0))
[P () n[o,1]] < [D] = Gt oY, G
j=1 j=0

Now using the Lemma A.1 we have that E[‘Xo_ (0)n o, 1”16} < oo for all k > 1.

0

We are going to need another result about renewal times. Here we need to define the renewal times for
a finite collection of paths in X*  such that all we know about them is that they cross an interval [a,b] at
time ¢. Therefore we are interested in {m € X* : m(t) € [a,b]} which is almost surely finite by Lemma 6.2

since it is the set of paths in X' whose projection at time ¢ is in X' (t) N [a,b]. The proof is analogous to

the proof of Proposition 3.1 and it will be omitted.

Lemma 6.3. Fiz a < b and consider the collection of paths T = {m € X' : ne(t) € [a,b]}. Then there exist

random variables Ty and Zy such that

(1) t<Ty and Ty —t < Zj.
(ii) Ty is a common renewal time for all paths in T
(ifi) suprer sups<s<r, [7(s) = (t)] < Zo.

(iv) For all k € N we have that E[(Zo)¥] < occ.

We need one more result before we prove condition B of Theorem 2.2.

Lemma 6.4. There exists a constant C1 > 0 such that

Cim
P 0,k,00m)| >1| < ——,
UTTX( )| ] Vi
for every m > 1.
Proof. Note that
P[|nx(0,k,0,m)| > 1] < ZP“??X(O,k,i—Liﬂ > 1] = mP[|nxo.k01)| > 1],
i=1

and

P[Inx(0,k,0,1)] > 1] = ZP[\nx(O,k,O, 1] > 1|[x" (0) N [0,1]| = 4]P[||x° (0) N [0,1]] = 4]
Jj=2

Given [X% (0) N [0,1]| = j, let my,...,7; be the paths in XY such that m;(0) € [0,1] for i = 1,...

define
Viit1 = inf{n > 1:m(t) = mip1(t), for all t > n}.

See that
j—1
P[Inx(0,k,0,1)] > 1]|x° (0) N [0,1]| = j] < ZPUW,M > k[|x°(0)n[0,1]] = 4] .
i=1

(6.1)

,j and

(6.2)
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Let Ty and Zy be random variables as in Lemma 6.3. Then for i = 1,...,j we have that
P[viisn > k|| 20 (0)N[0,1]] = j]
=Pl > b Th > 5 “XU N00,1]] = j] +Blviin > b Ty < g’\xo’(o) n[0,1]] = ]
<P[Ty> 5“2(0’(0 )0 [0,1]] = 5| + P > b, Ty < g“xﬂ’(o) N[0, 1]] =]

2 [TOMXO‘(O) n[o,1]] = j}
< 2

+ ]P’[Vm’.,.l >k Ty < g“xo‘m) n[o,1]] = j}. (6.3)

Now define 10 . := inf{t > Tp; m;(s) = miy1(s) for all s > ¢}. Then we have that

Zl+1 -

Plviins > kT < SMXO‘@ 10,1 = |

M

]P):Vi,z’—&-l >k, Ty < =, |mi(To) — mipa(To)| = l“Xof(O) n[0,1]] :j}

N
Il
—

IA
WE
'ﬁ

sz0+1 > |7Tz To) = mit1(To)| = l“?\’o_(o) n[0,1]] ZJ}

N
Il
—

tnqg

zTS+1 > )|m To) — mis1 (To) |_z} [|m To) — mis1 (To) |_1“X0 N 1[0,1]] :j}. (6.4)

N
Il
—_

By Collorary 4.1 we have that

21C
P, > 5 ‘}wz (To) = misa (To)| = 1] < T (6.5)

Replacing (6.5) in (6.4) we get

P[l/i7i+1 >k, Ty < 2“2(0‘ (0)no,1]| = j]

<y 20, [!m(To) — w1 (To)| = 1] 27 (0) N [0,1]] = 5]

=
?E[\m T) = misa (T0) |20 (0) N10,1]] = j] (6.6)
(6.7)
Since
|7i(To) = i1 (To)| < |mi(To) — mi(0)| + |mi(0) — mis1 (0)] + [mi1(0) — misa (To)| < 270 + 1,
we have that (6.6) is bounded above by
%E[QZO + 1“){0’ 0)N0,1]| = j]. (6.8)
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Now replacing (6.8) in (6.3) we obtain,
P[viisn > K| 2% (0) N [0,1]] = j]

2E| Zo|| X (0)N[0,1][ =53] o¢ .
< [ ’ - } +?/EIE[2ZO+1“X0 (0)m[o,1]|=j}

201 + C)IE[2ZO + 1‘ |0 (0) N [0,1]] = j]
< N : (6.9)
Hence by (6.2) and (6.9),

P[‘nx(o,k,o,l)\ > 1(\2607(0) n[o, 1]\31

< WjE[QZOHHXO(O)m[O, 1] :j]. (6.10)
Replacing (6.10) in (6.1) we get that P[|nx (0, k,0,1)| > 1] is dominated by
2(1\;%0) ZjIE[2Zo +1/1X%(0) N [0,1]] = 4]P[|X° (0) N [0,1]] = j] (6.11)
j=2

Note that

Y JE[2Z0 + 1]]X07(0) N [0,1]] = j]P[|X° (0) N [0,1]] = 4]
j=2

SO RORISIE)

[NIE
[NIE

(XoE[220 + 112 )0 [o.1)] = 5]B[1A° () n [0.1] = 5])

= E[\XO‘(O) nJo, 1]\2} %IE[(2ZO +1)%]2. (6.12)

<
Il
)
<
Il
)

[T,
N

NE

o[l ) n .1 = 5]) (S Elez + 02120 (0) 0 o, 1) = j]P[2° ) N o,1)])

I

o
<.

I
v

Nl

- 1
Take Cy := 2(1 + C)E[|X° (0) N [0, 1]|2]%E[(2Z0 + 1)?]2 which is finite by Lemma 6.2 and Lemma 6.3.
Replacing (6.12) in (6.11) we have that

_a
_\/%7

which finishes the proof. O

P[‘nX(Ov k, 0, 1)| > 1]

Proof of the condition B of the Theorem 2.2. Fix € > 0 and take M, as in the statement of Lemma 6.1, from
that result we get that

sup P[|nx, (to,t,a —€,a+¢€)| > 1]
to,a€R

is bounded above by
P[|nx(0,n*vt,no(a — €) — M, no(a +€) + M) > 1] + €.
Then by Lemma 6.4

C
sup sup P[|nx, (to,t,a —€,a+¢€)| > 1] < ! 2(noe+ M) +e.
t>p to,a€R nyvyp
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Hence
. 2C 0o n
limsupsup sup P[|nx,(to,t,a —€,a+€)| > 1] < ( + 1)6 —0ase—0".
n—oo  t>8 tg,a€R VB
So we have condition B. O

7. THE CONDITION E

Following [NRS05], the verification of condition E is a consequence of Lemmas 7.1 and 7.2 which are
versions of respectively Lemmas 6.2 and 6.3 in that paper. Lemmas 7.1 follows from Lemma 7.4 below as
Lemma 6.2 follows from Lemma 6.4 in [NRS05]. The proof of the version of Lemma 7.2 made in [NRS05]
for the Nonsimple Random Walk could be adapted for our process.

We start making some definitions. For a set of paths Y C II define

(i) Y* := the subset of paths in Y such that start before or at time s;
(ii) For A C R define Y* 4 := {mr € Y*";7(s) € A};
(iii) For s <t and A C R define Y*~(t) := {r(t);m € Y*~} and Y*=4(t) := {n(t);7 € Y4},

Lemma 7.1. Let Z;, be any subsequential limit of {XZO_}. For any € > 0, Zy,(to + €) is almost surely locally
finite and
(b—a)Cy

Lemma 7.2. Let Zy, be any subsequential limit of {X:La} and € > 0. Denote by

E[‘Zto(to +¢€) N (a, b)ﬂ <

Zt(sOJr&)T the set of paths in

Zy, that start before time t truncated before time to 4 €. Then Z§§°+E)T is distributed as coalescing Brownian
motions starting from the random set Z,(to + €) C R2.

As pointed out above, for the proof of Proposition 7.2 see Lemma 6.3 in [NRS05]. The remain of the
section is devoted to state and prove Lemma 7.4 below, but we first need the following result:

Lemma 7.3. There exists a constant Coy such that

for all t > 0.

Proof. Fix M € Z arbitrarily and note that
MEHXO’(t) o, 1)” - E[ X0 (tn|o, M)H
- ZE{‘XO_’[iM’(iJ“l)M)(t) n o, M)H
€7

- ZEHXO_’[O’M)(t) A [iM, (i + 1)M)) H - IEHXO_’[O’M)(t)H ,

€L
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where the third equality above follows from the symmetry of the GRDF paths. Since X0 [%M)(0) has at
least M points which are 0,1,2,...,M-1, then

MEHXO‘ ()N o, 1)H

= Y E[|a0 00 )| ||20 00 (0)] = jR[|A0 P0(0)] = j] .
j=M
From here the proof is very close to that of Lemma 6.4, given |X° (0) N[0, M)| = j, j > M, let 71,..., 7,
be the paths in X% such that 0 < m(0) < m2(0) < ... < 7;(0) < M fori=1,...,5 and define
Viit1 = inf{n > 1:m;(t) = mip1(t), for all t > n}.

Then
j—1
E[|x0 LA @)[|[2070M 0)] = 5] SE[14+ 3 1 o120 0200)] = 5]
=1

Note that |m;(0) = m;;1(0)| < 1 because 0,1,..., M —1 € X9 :[0:M)(0), then by Lemma 6.3 and (6.9) we have
that there exists a constant C' > 0 and a integrable random variable Z;, both not depending on M, such
that

1 21+0)
il =

P[w,m > t‘ 00 (0)| = E[2Zo + 1|00 ()] = j}

< 2(120)E[3Z0“X0,[O,M)(O)} _ ]:|
R \%E[ZOHXO’[O’M)(O)] = j]-

Hence

MEHXO* ®) N o, 1)H <1+ \% i jE[ZO\XO:[o,m(o)\ _ j}P[‘XO*,[O,M)(O)‘ _ j}
j=M

which as in (6.12) can be shown to be bounded above by

el o] )
- u 1 l
<1+ \C/; (MIE{; ‘Xo—,[i—l,i] (0)‘2]>5 (E[(ZO)2]> 1
=1+ %M(EU;{O,[O,H(O)PD% <IE[(Z0)2])§
Thus | )

EHXO’(t)m 0, 1)H <t

1 1
where Cy := C(E[(ZO)2]) : (EUXOi[OaH(O)\Q]) ? which is finite by Lemma 6.2. Since M is arbitrary we
obtain the bound in the statement. O
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Lemma 7.4. There exists a constant C3, independent of M, such that
MCs
\/i 9

B[22 (1) n[0,M)]] <
for everyn >1 and M > 1.
Proof. Using Lemma 7.3 we have that for all n > 1
E[‘Xm (nyt) N [O,RO'M)‘] = nGMEUXOi (nyt) N[0, 1)”
noMCy ’y_I/QJMC'Q

= onPyt Vi

8. THE coNDITION T

In this section we will prove the condition 1" in Theorem 2.2 which follows from Proposition 8.1 in the end
of this section. The idea behind the proof comes from [NRS05]. Technical details related to the renewals
times impose an extra difficult - not much really - to the proof given in [NRS05]. Even though the proof is
very similar, we present it here for the sake of completeness.

Recall the definitions from the statement of condition T in Section 2. By homogeneity of the GRDF all
the estimates on Ay, (z0,t0; p,t) are uniform on (g, %) € R?. Here we only consider (xg,t) = (0,0) leaving
the verification for other choices of ¢y to the reader. The case nvyty ¢ Z demands an extra care, but can be
dealt analogously as done the previous sections to deal with paths crossing some time level not necessarily
on the rescaled space/time lattice. With this in mind, condition T is a consequence of the next result.

Proposition 8.1. Denote by A}n (xo,to; p,t) the event that X, contains a path touching both R(x,to; p,t)
and the right boundary of the rectangle R(xg,to;20p,4t). Then

1
lim - limsu IP[A+ 0,0;p,1)] = 0.
R n_wop Xn( p;t)

Before we prove Proposition 8.1 we need some lemmas whose proofs will be postponed to Appendix C.

The first Lemma gives an uniform bound on the overshoot distribution on the renewal times for paths in the
GRDF.

(2,0)

Lemma 8.1. For x € Z_ let (T})i>0 be a sequence of renewal times of the paths ™ such that there exist

a sequence of i.i.d. random variables (ZF);>1 with the following property
7 (TF)(1) — wx(:/;g)a)] < Z% foralli > 1,

and E[(Zf)kH] < oo for a fized k > 1. Define Y;*, i > 0, as the first component of the path @0 on the
random time T". Also define v :=inf{n > 1,Y;7 > 1}. Then we have that

sup E[(Yj&)k] < 0.
HASy/ +

A path in the GRDF is obtained from linear interpolation between open points in Z?2, we say that these
open points defining the path are the ones visited by the path. The next Lemma states that the probability
of having paths that cross a box R(0,0; npo, n?ty) but do not visit any point in R(0, 0; 2npo, 2nty) goes to
Z€ero as n — oo.
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Lemma 8.2. Let D(npo,n?ty) be the event that paths in X cross R(0,0;npo, n’ty) without visit any point
in R(0,0;2npo, 2n%ty), then
lim P|D(npo,n*ty)| = 0.

n—oo

Lemma 8.3. Let z,y,x1,...,%y, be points in Z with © < y. Define u = (x,0) and v = (y,0). Con-
sider the random times (Tp)n>1, (Tn(w))n>1 and (7,(v))n>1 as introduced in Corollary 3.1 for the points
(21,0),...,(xm,0),u and v. Put Ty = 19(u) = 10(v) = 0 and let ™™ and 7 be the linear interpolations of
(Xr, () (W))n>0 and (X, ()(v))n>0 respectively. Then for p > 0 and the stopping time

Vpypt = inf{s > 0;7%(s) — 7¥(s) > npc},
there exists a constant C(t,p) depending only on t and p such that for all n large enough we have that

C(t,p)

]P’[ux,wﬁ < Vpy A (n2t7)] < "

where vy is the first time that ™™ and 7Y coalesce.

Remark 8.1. The paths ™ and 7 in the statement of Lemma 8.3 are not paths of the GRDF. They are
obtained from linear interpolation only on the points visited by the GRDFE paths on the renewal times.

Proof of Proposition 8.1. Let 1, w2, w3, m4 be the paths that start in 5|npo|,9|npo|,13|npo| and 17|npo |
respectively at time zero. Let us denote the event that m; stay within a distance npo of m;(0) until time
2tn%y by Bf’t fort=1,...,4, see Figure 9 below. From the invariance principle we have that

2
P

Lim P[(B")¢] = P[ sup |Bs| > p] < de™ 2
n s€[0,t]
foralli=1,...,4. Then
1
° lim ]P’[(Bf’t)c} S 0ast— 0. (8.1)

n—oo

See that
1 1
lim - limsupP A}R(O,O;p,t)} = lim flimsupP[A}(0,0;pna, tn27)]

t%O* t n—oo t*>0+ t n—oo

1 1
< lim flimsupP[D(npa, tn2’y)] +4 lim — lim P[(B?’t)c}‘f‘

T t=0t T nooo t—0t t n—oo
1
+ lim —lim SupP[Aj{,(0,0;pna, tn2’y),ﬂ?:13in’t, (D(npo, th'y))c}.
t—0+ t n—o00
By Lemma 8.2 we have that
lim sup]P’[D(n,oa, tn%)] =0, foreveryt>0

n—oo

and by (8.1)
1
lim - lim P[(B’f’t)c] = 0.
t—0+ t n—oo

So we only have to prove, see Figure 9, that for every ¢t > 0

limsup P| A%.(0, 0; pno, tn%y), Nt B (D(npo, tny))¢| = 0. (8.2)

n—0o0
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4n2’yt

2n2'yt /‘:/

A

(z, m)

35 45 55 6p 7;7 85 95 10511I/712513;714515I;7162)'17;718/71S)I,5 20np0

FIGURE 9. Realization of A%(0,0; pno,tny) N ﬂleB?’t where A%(0,0; pno, tn?y) occurs
because the path 7(&™) for some (z,m) € R(0,0; pno,tn?y), touchs the right boundary of
the rectangle R(0,0; 20pna, 4tn?y). Notation: p = [nop).

Fix some (z,m) € R(0,0;2npo, 2nty) and take (T;);>1 renewal times introduced in the Corollary 3.2 for
the points (5|npo],0),(9|npoc|,0),(13|npo|,0), (17|npc],0) and the (x,m). We will denote by (Yi(m’m))po
the random walks built as the first component of the path 7(*m) on the renewal times (T3)i>1. Take the
stopping times 1/( ™) for j=1,...,5 as the first time that (Yi(x’m))po exceeds (4j — 1)|npo|; and v(=™)
the first time that 7(@m) exceeds 20npa. Then

P[v®™) < dnty, N B < PT, o) < 4n’ty, N B + P[v™™ < dn’ty, T em > 4nty].  (8.3)

Note that on the event {V(m’m) < A2yt T (amy > 4n2t”y} the path 7(®™) cross the interval (19 |npo|, 20npa)
Vs

without renewal before time n?ty. Because the displacement between consecutive renewal times is bounded
by some random variable Z with finite moments, and up to time n?~t the number of renewals is bounded
by n?~t we have that

n*tyE[Z9] - Ch

oo S (8.4)

[[D[,/(x,m) < 4n2’7t,Tu(z,m) > 4n2tfy] < n2tfy]P’[Z > npa] <
5
We also have

2 4 ,t

1 1
< ]P)|: ((xt:g < (4j - 5) anO-Jv ] = 17"'57 TI/Sz,m) < 4n2t77 ant} +Z]P)|: (m m) > 4] — 5) LTLPO’J}

7j=1
x,m . ]- . n x,m
< IP[ YEm) < (4= 5)lnpol, = 1,205, T o < 4n?ty,0E, B, ’t} +5 sup P[in’ N Lng‘”] (8.5)
5 rxEL—

J

By the Lemma 8.1 and Corollary 3.2 there exists a constant Cy such that

(:v,m) [npo | ]
a:SEuZp, F Yyi 2 o n4
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Using the strong Markov property and Lemma 8.3 we get a constant C'5 such that

1

P[y}fivﬁg < (4] _ 5) ano'J, j=1,..5, Tyéz,m) < 4n2t77 ﬂAz'lzl‘Bzﬂ’t]

J
4 C
2 3
< P[V;:yvp <vey A (n t'Y)] < o
Hence by (8.5)
Cs3  5C:
P[T (zm) < 4n2t’y7 ﬂ?Bf’t] < 72 + 742
n n

Now we can go back to (8.3), use (8.4), (8.5) and (8.6) to conclude that
(501 + CQ + 03)

Pv@™ < 4n’ty, Nt B < =

Therefore we can estimate the probability in (8.2) as

P [A} (0,0; pno, tn’y), ﬂ?lel-n’t, {D(npo, n%v)}ﬂ

< IP{EI(:):, m) € R(0,0; 2npo, 2n’ty); ™™ < dn’ty, ﬂ;l:le’t]
Since R(0,0;2npo, 2n*t7y) has 8tpoyn® points we have that

lim sup P [A} (0,0; pno, tny), N, B, {D(npo, n’ty) }c}

n—oo

< lim sup(8tpafyn3)IP’[l/(z’m) < 4nty, m?:lBin’t]
n—oo
< lim sup(8tpoyn?) (5C1 + Co + C)

n—00 nt

=0.

APPENDIX A. WELL POSEDNESS

(8.6)

In this section we will see that X', the closure of &, is a compact set in (II,d) for all n > 1. Therefore
we are indeed working with random elements of (H,dy;) where the Brownian web is defined. Other result
we present here is that any path in X, coincide locally with a path in X,,. This is useful when we verify the
conditions of the Theorem 2.2 because we can work with &, instead of X,,. We start stating and proving

some lemma.

Lemma A.1. Let N be some positive integer random variable and ((n)n>1 a non-negative sequence of

identically distributed random variables. If for some k> 1,6 > 0 and | > %;(H&) we have E[¢

E[NY] finite, then for S := 25:1 G we get that B[S*] is also finite.

| and

Proof. We have that 0 < S < Nmaxi<j<y (; what implies that Sk < NE maxi<;<n (;? < N* Zé\;l C]’?.

Hence

N o0 n
E[s"] SE[N*}" ¢ = 3ok SB[ (vamyf].
n=1 j=1

j=1
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Applying Cauchy-Schwartz inequality we get

Z ZE 1+6 ]P’[N _ n}ﬁ _ E[dﬁ(lw)] s Z PPNV = n]l%é

n=1

Now applying Chebyshev 1nequahty we get

6
Bls*) < B[O s S BV gty L
n=1 ' n=1 nT& (k+1)

Proposition A.1. We have that X, the closure in (H,dy) of X, is a compact set of (II,d).

Proof. Using Lemma 6.2 we have that the number of paths in X’ that cross [a,b] x {t} is finite. From this
fact we get Proposition A.1 following the proof given in [NRS05]. O

Proposition A.2. Let (7,ty) € X then
(i) if to, m(to) € R then (m,tp) € X,
(ii) if to = —oo then for each s € R there exists v = (v1,v2) such that va < s and w(t) = 7" (t) for all
t>s.

Proof. Ttem (i) is an immediate consequence of the fact that if (7,¢y) € X then (to, 7(t9)) € Z2.

To proof of the item (ii) fix s € R and let (m,, t,) be a sequence in X that d((m,, t,), (7,t0)) — 0 asn — oo.
We can suppose that ¢, < s because we have that t,, — tg = —oo. Now for S > s there exists a < b € R such
that m,(t) € [a,b] for all ¢t € [s,S] and all n large enough because ®(m,,t,) converges uniformly to ®(m, o).
Take a partition take {r;}¥_, a partition of [s,S] such that 0 < r;41 —r; < 1. Again, there exists a finite
number of paths in X' that pass on Ule[a, b] x {ri}. Given that m,(r;) € Z and converges to 7(r;), we have
7n(ri) = m(r;) for all n large enough. Using that and the linearity of the paths in [r;, 7;+1] we can get some
M such that 7, (t) = mps(t) for all n > M and t € [s, S]; hence mp/(t) = 7(t) for all ¢t € [s1, s2]. Put

C = {(7",v(2)) € X;vy < s and 7"(t) = 7(t) for all ¢ € [s, S] for some S > s}.

For (m¥,v(2)) € C let us define szv := sup{S > s;7(t) = w(¢) for all ¢ € [s, S]}. Note that there exists some
(m¥,v(2)) € C such that s;» = oo because there is only a finite number of paths in X that coincide with 7
in s and for all S > s we get some (7%, u(2)) in C such that syu > S. O

APPENDIX B. PROOF THE TECHNICAL ESTIMATES ON COALESCING TIMES

This section is devoted to the proofs of Lemmas 4.2 and 4.3. The proofs rely on the use of a Skorohood’s
Representation of Y™ as done in [CFD09] and [CV14] and already introduced in this paper on Section 4. So
recall from that section the definitions of (B(s))s>0 and (.S;)i>0-

Proof of Lemma 4.2. Let us start proving item (i). Define
C:= {n € [L, " o) NN; (B(s))s>0 visits (—o0,0] in the interval (S,—1, Sn]}

For n € C' two things may occur:
1. Un(B(Sn-1)) + B(Sn—1) = 0. This implies that n = V(" o0 because (B(s))s>0 visits (—o0, 0] in time
interval (S,—1,Sy].
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2. Un(B(Sn-1))+B(Snh—1) < 0. In this case with probability bigger than a positive constant /3, (B(s))s>0
will leave the interval [Uy,(B(Sn—1))+ B(Sn—-1), Va(B(Sn—1))+ B(Sn—1)] by the left side, what implies
that n = Z/(Trioo,[)]' Note that using the Strong Markov property and the fact that in (Sp—1,Sn],
(B(s))s>0 visits zero, B could be taken as the probability that a Standard Brownian motion leaves
then interval [-2Z,1] by the left side; where Z is as defined in the Proposition 3.1 for two points.

Hence #C' is stochastically bounded by a geometric random variable with parameter 8. Since the Brownian
motion is recurrent and (—oo, 0] is visited infinitely many times, we have that 1/(”100 o < 0 almost surely.

Now we prove item (ii). For m > M € N we get that VZ’EOO,M] < 1/("100,0] hence by the item i) we get

P/ o g < 00l =PV o pyp < 00] = 1.

Note that
M
Py =0 =P =00 g # v oo an] = ZP[YJ?L_ oy =Y =H]
y -
kz —00,0 |Y[(£LZOO’M] - k]P[Y"%oo,M] = K]

For all 1 < k < M by Strong Markov property and the translation invariance of the model we have that

Pypn =0Ypn =k =PYL =0
Vo = Oy =R =P =0]
Hence
M M
m =0 > k = m =kl > ( )
P[Yy(mm 0] > Z]P’[Y( . O]P[Yy(iw’m k] > 1<mkl<nMIP>[ ZIP’ - = k]
k=1 k=1
B (1£%1<HMP[Y o] 0})[?’[1/("100’0} a V(WEOO,M]}
> i =
> (zpin PO% = 00) (ind B0y # )
From the description of the GRDF it is straighforward to verify that IP’[Y’“ =0] >0 for all £ > 1 and
V(= o0,0]
then minj <<y IP’[Y A = 0] > 0. Now let us to prove that for an adequate M we have
Y(~00,0]
Jnf P o0 # (o] > 0-
Note that
o
m _ m _ m _ m m —
P[V(foo,O] = V(—oo,M]] = P[YugﬁmM <0]= Z P[Y " oo t] = <0, Y VPR T k]
k=M+1
o0
= Z P[YVT?“OOM] ’ 1/( o, M] -1 = k]P[YV”Z’TﬁwyM]_l = k]
k=M+1

Again, using the Strong Markov property and the translation invariance we have

P[Y%

Ym
Y —oo,M] — ’ V(—oo,M]~1

= k] =Py} <]
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For Z as defined in the Proposition 3.1 we get that
P[Yik < 0] = P[Xn(uk)(uk)(l) - XT1(u0)(u0)(1) < 0}

< P[{‘Xﬁ(uo)(uo)(lﬂ 2 g} U {|X71(uk)(uk)(l) - k| > g}:|
< P[{1X, ) (0) (D] g |+ P[{1%e gy () (1) = K| = g}}
<2P[Z > 7] §4ELZ]§4E5].

Then

M]] < 4E[ ] Z P[Ym 1=kl = 4E[Z] = cg.

P[V(ioqo] = V( 7M

Taking M > 4E[Z] we have that Pli" _ o # v"  ynl > 1 — ¢ > 0 for all m > M.
Then we have that

inf P[Y)m
m>M (—00,0]

which completes the proof of (ii).
Now we prove (iii). Define

By the item (ii) we have ¢5 < 1. By definition P[Y,, # 0] < ¢5. The proof will follow by induction on k.

Suppose that P[Yalj #0, forj=1,...,k] < clg. Here we are going to assume that k is even, the case k odd
is similar. Write

PY, #0for j=1,... . k+1]
=> P, #£0,Y =m, Y, #0forj=1,...k—1]

Ak+1
m>1
=Y PV, A0V =m, Y, #O0for j=1,....k—1P[Y,, =m,YV,, #0forj=1,....k—1].
m>1

By Strong Markov property and the translation invariance of the model we have that

PY,,,, #0[Y, =m, Y, #0for j=1,....k—1] =P[Y" #0] < cs.

A1

Hence

P, #0forj=1,....k+1] <cs » P} =m, Y, #0forj=1,....k—1]

m>1
= C5P[Ya1j #0forj=1,...,k <&l
O

Proof of Lemma 4.3. The proof is similar to the proof of Lemma 3.5 in [CV14]. By Skorohood Representation
Theorem we have a Brownian motion (B(s))s>o starting in 1 and stopping times (S, )n>0, which could be
both taken independent of (Y,!),>1, such that

VE—vl, £ B(S,) — B(S,_1), foralln > 1.
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By Corollary 3.1 there exists a sequence of random variables (Z,),>1 such that |Y,} — V! | <2Z,. Then

st
|B(Sy) — B(Sn-1)| <227, for all n > 1. (B.1)

Recall that (S;)i>0 has the following representation.
S() = 0, S; = inf {8 2 Sifl; B(S) — B(Szfl) ¢ (Uz(B(Szfl)), V;(B(Slfl)))} (BQ)

where {(U;(m),Vi(m));m € Z,i > 1} is a family of independent random vectors taking values in ((Z_ —

(0}) x M) U {(0,0)}.
By (B.1) and (B.2) we have that

st st
—2Z, < inf {B(s)—B(Sh-1)} < sup {B(s)—B(Sn-1)} <27, (B.3)
Sp—1<8<Sy Sp_1<s<Sn

As in the proof of Lemma 4.2 consider the following random set
C = {n € [1, T(—oo,0] NN; (B(8))s>0 visits (—o0,0] in the interval (S,-1, Sn]}

Note that

st
=Y 2Z; < inf  B(s).
=1

T 0<<T(Zo0,0]
There exists a geometric random variable G (see the proof of item (i) of Lemma 4.2) such that G is stochas-
tically above |C|. Then we have
G

st
- Z 27; < inf  B(s).

i=1 B OSSST(foo,O]
Let us define the random variable R; as
0; otherwise,

and Ry as an independent random variable such that R 4 R1|{R: # 0}. Define
Ji :=inf{s > 0: B(s) — B(0) = —(R; + Ro)}

which is clearly stochastically above S,,. Let (B(s))s>0 be (B(s))s>0 translated to have B(0) = Ry, then
Ya, # 0 is equivalent to B(J;) # 0, indeed

Ya1#0<:>R1>0<:>B(J1)<0.

From this point, it is straightforward to use an induction argument to build the sequence {R;};>1. At
step j in the induction argument, we consider initially an excursion of (B(s))s>0 in a time interval of size
(Sa; — Sa;_,), and since |Y;' | < R;j_1 we can obtain R; and define J; using (B(s))s>0 as before. By the
strong Markov property of (Y,!), we obtain that the R;’s are independent and Y,, # 0 is equivalent to
B(J;) #0. O
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APPENDIX C. PROOF OF THE LEMMAS USED TO OBTAIN CONDITION T

Proof of Lemma 8.1. The proof follows from Proposition 3.1 and Lemma C.1 below, which is the same as
Lemma 2.6 in [NRS05]. O

Lemma C.1. Let (S%)p>0 be a random walk with increments distributed as a random variable Z such that
it starts from x € Z_ at time 0. If E[|Z|*+?] < oo then {(Sfi)k}zeZ,; where v = inf{n > 1,57 > 0}, is
uniformly integrable.

Proof of Lemma 8.2. Recall from (3.2) the definition of the random variable
H(’U) := inf {n > 1; Z {(v(1),v(2)+7) is open } — K} ’
j=1

where v € Z2 and K € N is such that P[W, < K] = 1. Put H = H((0,0)) and note that H has negative
binomial distribution of parameters p and K, thus it has finite absolute moments of any order. If some
path in D(npo,n*ty) comes from Z x Z_ before crossing R(0,0;2npa, 2n*ty) then H(v) > npo for some
v e {—npo,...,npo} x {0}, and

P[H (v) > npo for some v € {—npo,...,npo} x {0}]

< 2npoP[H > npo]
E[H?]
(npr)?
The others paths in D(npo, n?ty) come from points in with first component bigger than 2npc or smaller than
—2npo and second component between in {0,...,n%*y}. If from some v = (v(1),v(2)) with v(1) > 2npo
and v(2) € {0,...,n%ty} the path cross R(0,0;2np0c,2n?ty) then H(v) > v(1). In case that v(1) < —2npo
we have that H(v) > —v(1). Then the probability that of one of these paths cross R(0,0;2npa, 2nty) is
bounded by

< 2np — 0 as n goes to infinity.

2n2try
2 Z Z P[H (v) > v(1)] < 2(2n’ty) ZP[H > i+ 2np]
J=1 ve{(2npo,00)NZ}x{j} 121
E[H®]
< 2(2n%t —_—
< 2(2n 7); (i + 2npo)S
E[HY)  C(tp)
2 _ )
< 2(2n°ty) Z e - n — 0 as n — oo.
i>1
This completes the proof. O

Proof of the Lemma 8.3. The proof is analogous to the proof of Lemma 3.2 in [CV14]. For | € Z consider
up = (0,0), w; = (1,0) and the random times (7,,(uo))n>1, (Tn(u1))n>1 as introduced in Corollary 3.1 for the
points ug, ;. Now define the following random walk

Ybl = l,Yé = Xrn(uo)(UO)(l) - Xrn(ul)(ul)(l) for n > 1.
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Let B!(x,t) be the set of trajectories that remain in the interval [l — x,1 + ] during the time [0,¢]. By the
independence of the increments which implies the strong Markov property, we have that

P(vy,y > n’yt) > P(v

eyt < n2yt A vgy) llé1£ P(Y' € Bl(nop,n?yt)).

Note that

ianF’(Yl e B'(nop, n2’yt)) =1—supP

su Yl—l>na).
inf lez(plz | > nop

i<n2~t
Now
limsupsupIP’( sup |Yi—1] > nap) ,
n—oo ez i<n2~t

is bounded above by

. nop
limsupsup P sup. X, o) (110) (1)] + | X,y (w)(1) = 1 > “27)
n—oo IEZ i<n?~vt

< 2limsup supIP( sup | X, (u)(uo)(1)| > w)
n—oo [EZ i<n2~t 4
p _2

< 4[@(]\7 > 7) — de~

< NG
where N is a standard normal random variable and the last inequality is a consequence of Donsker’s Theorem,
see also Lemma 2.3 in [NRS05]. Hence
lin%IF’(Yl € Bl(nop, n’yt))
€
is bounded from below by a constant that depends only on ¢ and p. So using Proposition 4.1 we obtain a

constant C(t, p) such that

P > n2qyt C(t, —
P(vgy e < n2yt Aviy) < - (Vay > n7t) < Gy -2l
v ’ infiez, P(Y! € Bl (nop,n’t)) n
From the previous inequality we should follow the same steps as in the proof of Proposition 2.4 in [NRS05]
to get an upper bound that do not depend on |y — x|. O
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