ON THE COPULA FOR THE LIMITING DISTRIBUTION OF
THE K LARGEST ORDER STATISTICS OF IID SAMPLES
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ABSTRACT. We show that all multivariate Extreme Value distributions, which
are the possible weak limits of the K largest order statistics of iid sequences,
have the same copula, the so called K-extremal copula. This copula is described
through exact expressions for its density and distribution functions. We also
study measures of dependence, we obtain a weak convergence result and we
propose a simulation algorithm for the K-extremal copula.

1. INTRODUCTION

In the study of extremes of iid sequences a question of interest is whether or
not the dependence relation among the largest order statistics relies on the parent
distribution function of the sequence. One way to evaluate nonlinear dependence
between random variables is through the copula associated to them, this is already
discussed in several books as the ones by Joe [7], Nelsen [10] and Drouet-Mari and
Kotz [5]. In the present paper, we show that every multivariate extreme value
distribution, which are the possible weak limits of the K largest order statistics of
iid sequences, have the same copula called the K-extremal copula. This generalize
the result in [9] obtained for K = 2. From the Extremal Types Theorem, see
below, extremal distributions are obtained from linear transformations of one of
three basic distributions, therefore the nonlinear dependence relation among the
largest order statistics depends only on one of the three basic types. By our result,
the non-linear dependence is uniquely caracterized by the K-extremal copula. This
is not remarkable since the copula for any group of order statistics of an iid sample
with continous parent distribution do not denpend on this distribution. However,
a proper caracterization of the K-extremal copula is relevant as their consequences
are.

The K-extremal copula is described by its distribution and density functions
through exact expressions. We show that the copula of the K largest order statistics
of iid sequences with continuos parent distribution converges in distribution to the
K-extremal copula. We also study the assymptotic behavior of Spearman’s rho and
Kendall’s tau for the first and the K largest order statistics. As a last result, we
propose a simulation algorithm to sample from the K-extremal copula.

In section 2 we will present and discuss the results in this paper postponing the
proofs to section 3.
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2. STATEMENTS

Fix an interger K > 2. For every n > K, let My 5, ... , Mk, be the K largest
order statistics of an iid sample of size n with the parent distribution of the sample
not depending on n. The Extremal Types Theorem, see sections 2.2 and 2.3 in [§]
and section 4.2 in [6], states that if for some sequences of real numbers (a,)52 4
and ()52, the random variables a, M ,, + b, converge in distribution then the
random vectors

(anMip +bny ey an Mg + by) (2.1)
converge in distribution and the limit has marginal distribution and density func-
tions given respectively by

exp{—A(2)} Z;-n:_ol A(ﬁ)j JiFE(55E) > —1forE#0or z€Rfor £ =0

Gn(z)=4¢ 0 cifz<p—Ffor >0
1 ,ifz>uf%for§<0.
(2.2)
and
_{ exp{—/\(z:)}A/(Z)Aifz):nil7 if ¢ (2=£) > —1for{#0orz€eRfor £ =0
gm(z) = (m—1)! ‘
0 , otherwise,
(2.3)
where

exp (—Z;“) , if £€=0,
for some —oo < < 00, 0 >0 and —oo < £ < co. A distribution with distribution
function as above is called a Generalized Extreme Value (GEV) distribution and
are classified in types I, IT and IIT according respectively to £ =0, £ > 0 and £ < 0.
Note that the function A is strictly decreasing positive function and satisfies

A<z>Af,u,a<z>{ Mee(=e)] b Lite£0

lim A(z) =400 and lim A(z) =0, if {=0

lim A(z) =400 and lim A(z) =0, if >0 (2.4)
2l (p—F =00
lim A(z) =400 and T(lim A(z) =0, if £ <0.
Z——00 z Nf*%

Futhermore, The joint density function gx of a limiting extreme value distri-
bution for normalized sums of the K largest order statistics of an iid continuous
random variables is given by

(et 2k0) :{ é—l)Kexp{—A(zK)} TS N (z) o if (21,0 2k) €

, otherwise.
(2.5)
where
RE , ifE=0
Q¢ = {(Z1,...,ZK)ERK:,21>...>ZK>/L—%}, iteE>0

{(21,...,ZK)ERK:M—%>21>...>ZK}, if £ <0.

A distribution with density as in (2.5) for parameters —oco < pu < 00, ¢ > 0
and —oo < £ < oo is called a Multivariate Generalized Extreme Value (MGEV)
distribution.
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Remark 2.1. A broader class of stationary sequences of random variables have a
MGEYV distribution as the assimptotic distribution of the largest mazima.

Our first result gives an explicity expression for the distribution function associ-
ated to the density gx.

Proposition 2.1. The distribution function G of a limiting extreme value dis-
tribution for mormalized sums of the K largest order statistics of iid continuous
random variables has the following representation

GK(zl, oy 2K ) = Hg (21, min(z1, 22), min(z1, 22, 23), ..., min(z1, ..., 2k )) ,
for every (21, ..., zx) € RE | where
Hy(z1,...,2) = exp{—A(zk)} Jk (A(z1), ..., A(zK))

for min(z1, ..., zx) > pu— £, &> 0, or for min (21, ..., 2k) < p — £, &£<0, or
(21, .., 25c) € REif € = 0, otherwise Hy (21, ..., 2zk) = 0. The function Jg : ]Rf —
R, is a polynomial in K wvariables which is defined by induction by putting J, =1
and

m—1 j m—1
Jm(x1, Iiy'n
=0 Jj=1

= ‘QHQ.

Im—i(Tj415 ey Tm)s  form > 1.

We can now compute the density of the copula associated to the density gx of
a MGEV distribution, which we call the K-extremal copula and tuns out to not
depend on the distribution parameters &, 1 and o.

Proposition 2.2. The density of the copula of a MGEV distribution is given by

exctin ) = | TT SoE82 ) | o) 26)
—1
K1 - log 1 (u;))i =1 —1lo ug)) K1\
— jl;[l(_l)J wﬁ(“j)w (( g(ﬁK( 1};!)) )7 (2.7)

for (u1,..;ur) € (0,1)X such that uy > ¥o(uz) > ... > Vi (ux), where i, :
(0,1) — (0,1) is the increasing function that satisfies the following implicit equation

m—1

U= Py (u Z M ) (2.8)

Jj=0

Remark 2.2. The function v, which appears in the expression for the K-extremal
copula can be explicitly computed from a MGEV distribution function as ¥, (u) =
exp{—A(G,;}(u)} for every u € (0,1) and m > 1.

Also with the distribution function of the MGEV distribution it is straightfor-
ward to write the distribution function of the K-extremal copula which we present
in the next result.
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Proposition 2.3. The copula of a MGEV is given by
CK(ula 7U/K) = HK(ulu rl(u1>u2)>r2(u17u27u3)7 ...7TK71(U1, ,UK)) .

for every (uy,...,ux) € [0,1]%, where
m—1
o1 (U1, ooy Un) = Ut (b (W) = i (wy Z M7
j=
if Yi(w) = min(¢1(u1), .oy Um(um)) and for every (ui,...,ur) such that uy =
Y1(ur) = P2(u2) = ... > Yk (uk)

Hr(ur, .., urx) = Yx (uk) I (—logur, —log ¥a(uz), ..., — log Y (uK)) ,
K1
= ug —Yr(u Z log% (1)) Jr—j(—logv¥ji1(ujy1), ..., —log Yk (uk))
j=1

with Jp, defined in the statement of Proposition 2.1.

The next proposition is a convergence result for copulas that has the consequence
that for continuous distributions the non-linear dependence structure of the K-
largest order statistics of large iid samples is approximatedly captured by the K-
extremal copula. By a simple generalization of Lemma 6 in [1], we have that the
multivariate copula among the K largest order statistics of an iid sample do not
depend on the continuous parent distribution of the sample. This copula will be

denoted by C’gb), where n denotes the size of the sample.

Proposition 2.4. The copula C'%) converges in distribution to Cx as n — oo.

From the K-extremal copula we can obtain the copula between the 1 largest and
the m largest limiting order statistics for every choice of I and m, or between any
two marginals of a MGEV distribution. Then we can use these bivariate copulas
to obtain measures of dependence as the Spearman’s rho and Kendall’s tau. For a
copula C', the Spearman’s rho is defined by

11 1 1
12/ / C(u,v)dudv — 3 = 12/ / wvdC(u,v) — 3
0o Jo o Jo

and Kendall’s tau by
1,1
4/ / C(u,v)dC(u,v) — 1.
0o Jo

We are going to study here the behavior of Spearman’s rho and Kendall’s tau for the
first and the Kth marginals of the K-extremal copula in the limit as K — co. We
denote these measures respectively by px and 7x, K > 2. Using the convergence
result in proposition 2.4, this caracterizes the behavior of these measures for the
first and the Kth largest order statistics of large samples with continuous parent
distribution. We point out that ps = 2/3 and 7 = 1/2, see [9]. For more on
measures of dependence of order statistics see [1] and [11]. We have the following
result.

Proposition 2.5. Both sequences (px) and (Ti) converges to zero as K — 0o.
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We now describe a simulation algorithm to generate samples from the K-extremal
copula. The method is based on a technique of conditional sampling to sample
from multivariate copulas, see for instance Cherubini, U., Luciano, E., Vecchiato,
W. (2004) [3]. Let a; be an observation sampled from U(0,1). We can resume the
procedure with the following steps:

(i) Put Ci(u1,ugy ooy ) = C(u1, Uy oy U, 1, ..., 1) for m =2, ..., K;
(ii) Sample uy from the uniform distribution in (0, 1);
(iii) Sample u,, from the conditional distribution C,,(-|u1, ..., um—1) for m =
1 K;

PREES) 5

We now are going to focus on how to sample uj from the conditional distribu-
tion Ck(-|u1, ..., ux—1). To sample u,, from Cp,(.|u,...,um—1), we sample ¢ from
U(0,1) and we put u,, = C;, (q|u1, ..., um—1). Therefore we should know explicitly
Con(-|ut, oo, tm—1). We compute it in the following lemma:

Lemma 2.6. The condicional distribution function of Uy, |(U1,Us,...,Upm—1) when
(U, ..., Uk) has distribution given by the K-extremal copula is given by

wm(um)

Pt (1) (2:9)

Cm(um‘ulv "'7um71) =

If we now put ¢ = Cy, (um|ur, ..., um—1), we have that:

Um = C;Ll(q|u17 "'7um—1) = ¢;1(q~wm—1(um—1)) .

From definition 2.8 we get

U = Y (@-Ym—1(Um—1)) i: (—1) (log¢m(q~¢7;!—1(um—1)))J '

J=0

Therefore, we solve numerically ¥, —1(t;,—1) and then ¥,,(q.¥m—1(tm—1)) to ob-
tain uy,,.
We plot below a sample of size 200 from the 4-extremal copula.

00 02 04 06 08 10

oL 111

Us
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U
00 02 04 06 08 10
P T T N N B
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I R T B
o1 111
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o L 1 1 11
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3. PROOFS

Proof of Proposition 2.1: We show that G i 1s a K-dimensional distribution
function with density given by gx. By the definition of g, the multiple integral

Z1 min(z1,22) min(z1,...,2K)
—o0 J —oo —00

Therefore éK(zl, o ZK) = G (2, min(z1, 22), ..., min(z1, ..., 25 )) and we can sup-
pose in the sequence that zqy > z9 > ... > zx. Then

is equal to

K

e, o) = U [ 5[ [ [ etoawop TV ) dondusc

j=1
Considering the following change of variables in the last integral, z; = A(y,), for
1 < j < K, we get the following integral

“+o0o TK x3 Z2
Ig(wy,...,wg) := (—1)K/ / / / e "Kdxy..dryg ,
WK WK1 w2 w1

where w; = A(z;). We shall prove by induction that
IK<U)1, ceey wK) = e_wKJK(’LU]_7 ceny wK) .

For K =1, a simple verification shows that the result holds. Now suppose that it
holds for 1 < K < L — 1 then for K = L we have that I (w1, ..., wk) is equal to

+oo TK T3
K —
(-1) / / / xoe K dry...drg —wilx_1(wa,..., wk)
WK WK —1 w2

which is equal to
x +oo TK T4 x3 Cen Wa
(-1) 2¢ dxg...def7I(K72)(w3,...,wK)fwllK_l(wl,...,wK).
WK WK —1 w3
Following recursively this procedure we get

m—1 j m—1_ 7

_ wy wy .
IK(wl,...,wK) = ¢ WK Z TII{ — Z j—'JI(K—.])(U)j_;,_l,...,UJK).
=0 : = :

By the definition of Jx and the induction hypotheses we complete the proof. [

Proof of Proposition 2.2: Let us fix a limiting extreme value distribution func-
tion G. We have that

gK(Gfl(u1)7 o Gl}l (uK))
[T 95(G5 ()

Therefore we just apply formulas (2.3) and (2.5) to obtain that

—1

Eed G AGT )T G (ug))K
erc(ur, e ui) = | [T exp{=AG; ()} (-1 < K- 1) >

cr(Ugy . ug) =
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From this formula, if we put ¥, (u) = exp{—A(G,,}(u)} we get (2.7) in the state-
ment. Now 2.8 is a direct consequence of the explicit formulas for the distribution
functions G, given in (2.2).

It remains to verify (2.6). If we derive both sides of (2.8), we get that

m—1 j m—2 .
1= Z (—1) log wm Z log wm) dpm _ (_1)m—1 (log wm) 1 dipp,

= = ) du (m—-1! du’
which implies that
A e (o8 wm)" Y
o~ Y ( (m —1)! ) (3:-1)
and )
dlog¥m . \mo1 (log )™ 1Y\
i — (-1t (g BB (32)

From (3.1), (3.2) and (2.7) we arrive at (2.6). O

Proof of Proposition 2.3: Let us fix a limiting extreme value distribution func-
tion Gk. Then the distribution function of the K-extremal copula is given by

Or (w1, vu) = Gr(GyH (w), ... G (ux))
for every (uy,...,ux) € [0,1]% which by Proposition 2.1 is equal to
Hy (G (ul) min(Gy (uy), Gy H(uz2)), .., min(Gy (ur), -, G (uk))).

By the definition of H, monotonicity and the expression for 1, in remark 2.2, see
also the proof of Proposition 2.2, the previous expression is given by

min (61(00) Jic (= 10g 01, = 1o iy (6 1), o o i (V1(u0)).
Using the definition of r,, in the statement, write the above eXpression as

'(/JK(TK(ulv ceey um)) JK (_ 10gU1, - long(Té(ulv UQ)), ey T IOg wK(TK(ula ey um))) 5
which completes the proof. [J

Proof of Proposition 2.4: Let M, ,,, ... , Mg, be the K-largest order statistics
of a sample of size n with a given continuous parent distribution function F' which
belongs to the domain of atraction of a GEV distribution. This means that there

exists (a,),25 and (b,)2] sequences of real numbers such that the random vector

(aan,n + bn7 weey anMK,n + bn)

converges in distribution to some G which is MGEV distribution. By invari-
ance concerning composition with affine transformations the copula associated to
(Min, ... Mg ) and (an My n + bps ..., an MK + by) is é’gl) independently of F'.

Let Fj, be the distribution function of a,, M} ,, + b,,. Therefore, if we define the
function V,, (21, ...,xx) = (Fin(21), ... Fk n(2K)), (21,...,xx) € R™ then

Vn(aan,n +bna"-aanMK,n +bn) (33)
has the distribution of the copula C’?)
The K-extremal copula has the distribution of V' (Y7, ..., Yk ), where V(z1, ..., xx) =

(Gi(z1)y s Gr(2K)), (21, ..., 2K) € R™. By Theorem 5.1 in [2], (3.3) converges in
distribution to the K-extremal copula if V,, converges uniformly to V' on compact
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intervals, but this is a consequence of Plyas’s Theorem which implies that F},,
converges uniformly to G; since the last is absolutely continuous. [

Proof of Proposition 2.5: We shall prove through estimates on exact expressions
that px — 0. The analogous result can be applied to 7x since px > T7x > 0 which
can be verified through Theorem 5.1 of Fredricks and Nelsen in [4], since for two
order statistics the largest is always left-tail decreasing and right-tail increasing in
the smallest.

Applying directly the definition we can write (px + 3)/12 as

1 1 1 1
/ / / / Uy ug Cx (U, .o, u) dug...dug.  (3.4)
0 Jprt, (Yx(uk)) P53 (Ys(us)) Vb2 (uz)

which we are going to show that converges to 1/4 as K — oo resulting in px — 0.
By (2.6) the previous iterated integral can be rewritten as

1 1 1 1 K-—1
dlog; d
// / / U UK H dg%(uj) dwK(uK)dul...duK.
0 Jyrt (Wr(ur))  Joy(vs(us)) Jipa(uz) 4 Uj UK

2 Jj=1

By induction in 1 < m < K — 1, we show that

1 1 1 m
/ / / Uy H dlog ¥ (uj) dus...dup,.
V! (Bm1 (i) S Wa(ua) Joau) 5y AU

2

is equal to

m—1

Z (log wm+;!(“m+1))J . (3.5)

(_1)m wm+1 (Um+1) -
=0

Indeed, v is the identity in (0,1) and therefore

/w un PB4y = (1) () — 1]

2(u2) duy
Now suppose that (3.5) holds for some 1 <m =1 < K — 2 then

-1

(lo u J | lo
(=1 [ threr (wsn) Z g¢l+1 1+1)) dg1/}l+1 (ugsr).
=0 Ul41
is equal to

!

d 10g¢z+1 (u+1))’

=

(1) durs Yo () =

j=1

and, since ¥;4+1(1) = 1, integrating on wu;41 over the interval (%111 (Y142(uig2)), 1)
we obtain that (3.4) holds for m =1+ 1.
Therefore the integral in (3.4) is equal to

| oS @ o -
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Put v = ¥k (u), u € (0,1) and uses the power series expansion

— log(v)?
b=y
j=0

to write the previous integral as

0 oo | X A ao.

j=K-1 J:

Another change of variables and (2.8) allows us to write the integral in (3.4) as

o0

j +o0 o [e%s) I 1
Z Z i /0 y e My = (-1)"" 12 Z ( j)21+j+1

=0 j= =0 j=K-1

since

+oo 2\
i~y L+ ])!
/0 y e My = oltjt1

We finish the proof showing that
o0
I+35\ 1 1
Y1
Z > (T )gm s
1=0 j=K—1
The left hand side term in the previous convergence statement is equal to

> 1+25\ 1 jH2A+1\1
Z 2. ( l )21+2j<1_< 20+ 1 )2)

loj_KlJ

which for K large can be replaced by

—  (l+25\ 1
Z ( [ ) 2l+25
=0 jZI_K2_1J

Some combinatorial estimates allow us to show that

K-1

N | =

= & 425y 1
> X () amm
=0 {5

as k — oo.

Proof of Lemma 2.6: Let (U1, Us,...,Uk) be a randon vector whose distribution
function is C, then the conditional distribution of U,, given Ui, Us,...,U,,—1 has
distribution function

Con(um|u1, ooy un—1) = Pr(Upm < um|Us = U1, oo, U1 = Um—1)

B [0 LC (Ut vy U )]/ [OUL 5 -y Oy 1]
_(8m_10m_1(u1,...,um_l)]/[aul,...,8um_1]> (3.6)

for every m = 2, ..., k.
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We first deal with the numerator in (3.6) which by the formula in Proposition
2.3 can be written as

m—1 —lo (uj))?
om—t [_wm(um) Z]‘Lzll W']m—j(_ log ¢j+1(uy‘+1), ..., —log ¢m(um))}

8u1...8um,1

If we remove the terms that do not depend on the variables uq, ..., u,,_1 wWe obtain
that the last partial derivative is equal to

o [t () [T (~log (0(w))]

out...0Up—1 (3.7)
Using that
dlog¥m v (0g¥m)" P\ T
B¥m _ (1) (wm Ty ) |
we obtain that (3.7) is
= (_1)m¢m(um)(_1)m71 1__[ (_l)jil (w](uJ)ZOg(Z/;JEUi;')] )_ : (38)

Now we consider the denominator in (3.6) which is equal to the density function
of the (m-1)-extremal copula. Hence it is equal to
~1

m—2 e lo w] u; Jj—1 lo ¢m71 Uy 1 m—2\ —1
Iy wj(uj)(g(j(_l)))!) (( g (m<_2)! ) ) )

Finally replace the expressions in (3.8) and (3.9) respectively in the numerator
and denominator in (3.6) to obtain that

wm(um)
Con (U |1y oy 1) = —————. O
(s 1) Yr—1(Um—1)
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